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Abstract

Consider a higher order elliptic system

D“(a?jﬂ(x)Dﬂuj):D“fi"‘ in Q,
|+ |Dul|+ ...+ D™ 1yi|=0 on 0,

forall i =1,...,N with N € N4, and all multi-indices |e| = m;, || = m; with m; € N4 for all
i=1,..., N, and the standard summation notation is understood. We assume that the leading coefficients
a?jﬂ (x) have small BMO norms and the domain  C R” is open, bounded and flat in the Reifenberg’s sense.
This article is to prove the regularity estimates of this system in weighted Lorentz spaces and in Lorentz—
Morrey spaces. Our results require weak assumptions on the regularity of the coefficients a?jﬁ (x) and the
boundary 0€2, and they are new even for scalar higher order elliptic equations.
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1. Introduction

Consider the following higher order elliptic systems in the form:

o, B B, J\ — No fa :
{D @ () DPul) = D f in Q, 0

lul| + |Dul| 4+ ...+ D™ 'ui|=0 on 9%,

foralli =1,..., N with N € N, and all multi-indices |«| =m;, || =m; with m; € N, for all
i=1,...,N, where Q is an open, bounded subset on R" and f = { f*} with f¥ € L%() for all
1 <i < N and multi-indices o with |«| = m;. (The standard summation notation on the elliptic
system is understood).

In this article, we assume that the coefficients af‘j’g (x) of the equation (1) are uniformly
bounded and elliptic, i.e. there exist two positive constants L, v > 0 such that

jaf )l < L, @)
and
N N
o3 N afwerel =vy 0 Y R VED. (3)
i,j=1la|=m; |Bl=m; i=1 |o|=m;
We now give some notations:

e For every multi-index m = (my, ..., my), we denote by W7 (Q, RV) and W(;"’p(Q, RY)
the cartesian products

W"P(Q) x ... x W™ P(Q) and Wy "P(Q) x ... x Wy P(Q),

respectively.
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e Foru' € W"-P () and k € N, we denote DFu’ = (Dyui)mzk fori=1,...,N.
e Foru=@u',...,u™)e w™P(Q,R") we denote D"u = (D™ u',..., D"Vu") and

N 2
=3 > |pru],
i=l1|y|=m;

N
|Dmu’2 _ Z ‘Dm;ut
i=1

for all multi-indices m = (m1, ..., my).

We recall the definition of weak solutions to the system (1).

Definition 1.1. A function u = (u!, ..., u") e W(')"’2 (€2, RY) is said to be a (weak) solution to
the system (1) if

/Z ooy “5(x)DﬁufD“<p’dx—/Z > fDgdx, (4)

i,j=lla|=m; |Bl=m i=1 |a|=m;

for all ¢ = (<p1,<p2, ...,(pN) IS5 W(;"’Z(Q,RN).
By applying the Lax—Milgram theorem, we can prove the following results.

Proposition 1.2. The system (1) has a unique weak solution. Moreover, the following estimate
holds true:

[ 1D™ul || o) S WIEII L2 (g - (5)

This paper is devoted to investigate the regularity results to the system (1) under the mild
conditions on the coefficients and on the boundary of the domain. More precisely, we look for the
conditions on the coefficients and on the boundary of the domain so that the following estimate
holds true

D™ ulll 7 < 7, (6)

for some function spaces F.

The regularity problem for elliptic equations is one of the most interesting topics and plays
a very important role in the theory of partial differential equations. This topic has received a
great deal of attention from many mathematicians. The regularity results concerning the second
order elliptic equations were investigated in, for example, [2,3,11,5,9,15,16,25,21,20,26] and the
references therein. Note that the second order elliptic equations are the particular cases of the
system (1) corresponding to N =1 and m = 1. We now give a brief summary of the progress so
far in this direction of research (but the list is by no means exhaustive).

(i) An early result in this direction is due to N. Meyers (cf. [21]). He proved that the W -7
regularity estimate (6) is valid for p being close to 2 provided that the coefficient matrix
A is uniformly bounded and elliptic, and €2 is a bounded domain (opened connected set).
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If the coefficient matrix A is assumed to satisfy suitable continuity conditions and the
domain 2 has some smoothness condition on its boundary then one can expect that (6) is
valid on F = L? for some p € (1, 00). See for example [22, Chapter 5] and [25].

In [15], the authors considered the quasilinear equations related to quasilinear elliptic op-
erators L = divA(x, V) on the regular domains which include the case of p-Laplacian
div(|Vu|P~2Vu). They obtained W'’ regularity for these equations with r being close
to p. Moreover, a number of interesting results regarding comparison estimates and local
difference estimates related to these equations were also obtained.

In [5], the authors introduced an effective approximation method to study the regularity
of the general class of elliptic problems. Then they applied this method to study W7
regularity for a nonlinear elliptic operator in divergence form. In particular case of the
linear elliptic equation, this method gives an alternative approach to the classical one. In
this work, the coefficients matrix A is assumed to be continuous or close to the identity
matrix in a suitable sense.

The regularity of Laplacian Dirichlet problems on the Lipchitz domains was obtained
in [16]. The authors obtained a complete description of all Sobolev estimates including
the WP regularity for these equations. More importantly, some counterexamples are also
included to show that certain regularity estimates may fail if the boundary of the underlying
domain is not smooth enough.

In [17,18], the author proves the regularity estimates of the second-order elliptic equations
with VMO coefficients.

The W7 regularity of the second-order elliptic equations and the second-order elliptic
systems with non-smooth coefficients and Reifenberg flat domains were proved in [2,3].
Recently, the authors in [19] proved the global gradient estimates on the weighted Lorentz
spaces for the standard weak solutions to quasilinear elliptic equations on Reifenberg flat
domains. As a consequence, they obtained other regularity results in Lorentz—Morrey,
Morrey, and Holder spaces.

The regularity results for the higher order elliptic equations are less well-known. We list some
of works related to the research direction.

®

(ii)

(iii)

@v)

In [12], the authors introduced a unified treatment to prove regularity results for weak so-
lutions to higher-order elliptic systems on a bounded domain in R". This contains some
important results concerned with the regularity problem of elliptic systems. Certain results
on differentiability theory of weak solutions of the higher-order elliptic systems can be
found in [13].

The work [8] is devoted to the LP-theory of higher-order parabolic and elliptic systems in
the whole space R", on the half space R, and on a bounded domain in R". The leading
coefficients of the systems are assumed to be merely measurable only in the time variable
and have a small BMO norms with respect to the spatial variables.

The global regularity for higher order divergence elliptic equations on R" was investigated
in [28]. They made use of the Fefferman—Stein maximal functions to obtain the regularity
on Orlicz spaces.

Recently, in [4], the authors established optimal gradient estimates in the Orlicz space for
solutions of a nonhomogeneous elliptic equation of higher order with discontinuous coeffi-
cients on a nonsmooth domain. The regularity estimates of higher order elliptic equations
on R” with VMO-coefficients was investigated in [14].
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The main aim of this paper is to prove the regularity estimates for the higher order elliptic
systems (1) in the settings of weighted Lorentz spaces and Lorentz—Morrey spaces. We require
neither smoothness conditions for the underlying domain €2 nor strong regularity conditions for
the coefficients {af‘jﬂ }. This article only assumes some flatness condition on the domain and a
small BMO norm condition on the coefficients. See Section 2. We note that neither the uniformly
elliptic conditions (2) and (3) nor smoothness conditions guarantee the L”-boundedness in the
regularity estimates (5) even for the second-order elliptic case. See for example [21,16]. In this
sense, our assumptions of the small BMO coefficients and the flatness domain are reasonable,
and are flexible enough to cover a large class of elliptic systems. We refer to Section 2 for further
comments on these two conditions.

We note that our approach in this paper is different from those in [28,8] which rely heavily
on the sharp Fefferman—Stein maximal functions. The sharp Fefferman—Stein maximal functions
approach may not be applicable to our setting due to the lack of the regularity of the coefficients
and the smoothness of the domain. To overcome this problem, we employ the approach in [2,
5,19] which relies on approximation estimates to the weak solutions, the Vitali type covering
lemma and the Hardy-Littlewood maximal function.

Finally, it is worth noticing that the regularity estimates for the higher order elliptic equation
and the second order elliptic systems, which are, respectively, particular cases of (1) correspond-
ingtoi =j=1andtom; =1foralli =1, ..., N, were investigated in [4,3]. In comparison with
[4], our article gives results for the more general setting of the systems of higher order elliptic
equations which requires a number of new estimates such as approximation results in Section 3.
Unlike [4], we work in the setting of the weighted Lorentz spaces and Lorentz—Morrey spaces
instead of the Orlicz spaces as in [4]. Therefore, the results in this article are new even in the
special case of a higher order elliptic equation. Compared with [3], our paper can be viewed as
an extension to the higher order elliptic systems and to the more general setting of the weighted
Lorentz spaces.

The organization of the paper is as follows. In Section 2, we give the assumptions for the
system (1) and state the main results. Some approximation results are given in Section 3. Finally,
Section 4 is devoted to the proofs of the main results.

Throughout the paper, we always use C and ¢ to denote positive constants that are independent
of the main parameters involved but whose values may differ from line to line. We will write
A < B if there is a universal constant C sothat A<CB and A~ Bif A< B and B < A.

2. Assumptions and main results
2.1. Assumptions

We begin with some notations which will be used frequently in the sequel.
For r > 0 and x € R", we denote:

e Bo={y:lyl<r},BF =B, N{y=01,....9) :ya>0land T, = B, N{y = (y1,..., ¥n) :
yn =0}

e B.(x)=x+ By, Bf(x)=x+ B and T, (x) = x + T;;

e Q,=QNB,, 3,2 =0QN B, and Q,(x) = 2N B, (x).

For a measurable function f on a measurable subset E in R” we define
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1
=4 f=— / f.
][ |E|
E E

Throughout this paper, apart from (2) and (3) we additionally assume that the coefficients af;ﬁ

satisfy the small BMO norm condition as follows.

Definition 2.1. Let R, 5 > 0. The coefficients {af}‘g } are said to satisfy the small (6, R)-BMO
condition if

sup ][ |aaﬁ(x)—a” PN 24x < 82, 7)
yeR" 0<r<R
B (y)

foralli, j, o, B asin ().

Remark 2.2. (a) The small (§, R)-BMO condition (7) was firstly used in [2] to study the regu-
larity of the second order elliptic equations. This condition allows the coefficients to be merely
measurable in x and possibly not continuous in x. This is a good substitute to the VMO condi-
tions in [9,14].

(b) Note that under the conditions (2), (3) and (7), it is easy to see that for any t € [1, c0)
there exists € > 0 so that

sup ][ |aaﬂ(x) U B )| dx <8¢,
yeR”,O<r§R o)
Br(y

foralli, j, o, Basin (1).

Concerning the underlying domain €2, we do not assume any smoothness condition on 2, but
the following flatness condition.

Definition 2.3. Let §, R > 0. The domain €2 is said to be a (&, R) Reifenberg flat domain if for
every x € Q2 and 0 < r < R, there exists a coordinate system depending on x and », whose
variables are denoted by y = (y1, ..., ¥,) such that in this new coordinate system x is the origin,
and

B,N{y:y,>6r}C B NQC{y:y,>—6br}. 8)

The concept of a (§, R)-Reifenberg flatness domain was first introduced in [24]. This domain
does not require any smoothness on the boundary of €2, but sufficiently flat in the Reifenberg’s
sense. The Reifenberg flat domain includes domains with rough boundaries of fractal nature, and
Lipschitz domains with small Lipschitz constants. See for example [24,7,23,27].

Fix y € R"” and r > 0. Consider the re-scaled functions:

~,( )_M(Vx+y) ~ap
ymi

@) =alrx+y), JE@) = [ rx + ),

foralli =1,..., N and multi-indices « with |a| = m;. We set
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a=|"2.req)

r

Then we deduce the following result immediately.

Lemma 2.4. Assume that the coefficients {a ap } satisfy (2), (3) and the small (5, R)-BMO con-
dition (7), and the domain Q is a (5, R) Relfenberg domain for some 8, R > 0. If u is a weak
solution to (1), then ut is a weak solution to the following problem:

D@ (x)DPii)) = D¥ in ©
il |+ |Di' |+ ...+ | D™ '3 =0 on 0%,

foralli=1,...,N with N > 1. Moreover, the coefficients {&f}ﬁ} satisfy (2), (3) and the small
(@, §)-BMO condition (7), and the domain Q is a (8, %) Reifenberg flat domain.

Due to this result, in certain circumstances, we may assume that R = 8 or any fixed number.
2.2. State the main results

Let 1 < p < 0o. A nonnegative locally integrable function w belongs to the Muckenhoupt
class Ap, say w € A, if there exists a positive constant C so that

[w]a, := sup <][w(x)dx)(fw—l/(P—l)(x)dx>pil <C, ifl<p<oo,

B:balls
B B

and
][w(x)dx <Cess-infw(x), ifp=1,
xeB
B

where the supremum is taken over all balls B in R". We say that w € A if w € A}, for some
p € [1, 00). We shall denote w(E) := fE w(x)dx for any measurable set £ C R".

Lemma 2.5 ([10]). Let w € Ap, 1 < p < oo. Then, there exist ky, > 0, and a constant C > 1
such that for any ball B and any measurable subset E C B,

—1(@) LvE _C(I_El)”w_
|B| w(B) |B|
Let w € Ao, 0 < p < 00 and 0 < g < co. The weighted Lorentz space L} 7 () is defined as

the set of all measurable functions f on 2 such that

1/q

ji d
1Al g @) = p/[t”w({xesz:|f(x>|>r}>]"”7t <00
0
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In the particular case p = ¢, the weighted Lorentz spaces L ”(Q) coincide with the weighted
Lebesgue spaces L% () which is defined as all measurable functions f on € such that

1/
£l e = (/I.f(x)l”w(x)dx) g
Q

For r > 0, the Hardy—Littlewood maximal function M, is defined by

1 1/r
Mg =sw (o [ 1o ay) e,
o \iol )

where the supremum is taken over all cubes Q containing x. When r = 1, we write M instead
of M.

We now record the following results concerning the weighted Lorentz estimates of the maxi-
mal functions. See [19, Lemma 3.11].

Lemma 2.6. Letr < p < 00,0 <qg <ocandw € Ap;,. Then we have

1M Fll 9 ey S SN L5 -

Our main results are formulated in the following two theorems. The first one gives a regu-
larity estimate in the weighted Lorentz spaces. The later addresses a regularity estimate in the
Lorentz—Morrey spaces.

Theorem 2.7. Let p € (2,00) and let w € Ap/2. Then there exist positive constants C and §

such that the following holds. If f € LY(Q) for all || =m; andi =1,..., N, the domain
Q is a (8, R) Reifenberg flat domain, and the coefficients {a?jﬁ} satisfy (2), (3) and the small
(8, R)-BMO condition (7), then the system (1) has a unique weak solution u € W(;"’z(Q, RY)
satisfying the following estimate:

[ 1D™ul | pa gy S W14 g - (10)

The estimate (10) is nothing, but implies the W regularity estimates for the weak solution
to the system (1), i.e,

D™ ul ]| Ly S W ILrys P> 2. (11)

By the standard duality argument, it can be proved that (11) is valid for 1 < p < 2, and hence,
(11) holds true for all 1 < p < oco.

For 0 < p < 00,0 < g <ooand A € (0, n), the Lorentz—Morrey function space LP9M(Q) is
defined as the set of all measurable functions f such that

_i
| fllLpar=sup sup r Pl fllLras, )ne)-
z€Q 0<r<diam
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Theorem 2.8. Let p € (2,00), 0 < g <00 and A € (0, n). Then there exist positive constants C
and § such that the following holds. If f{* € LP4(Q) forall |a| =m; andi =1, ..., N, the do-

main 2 is a (§, R)-Reifenberg flat domain, and the coefficients {af}‘3 } satisfy (2), (3) and the small

(8, R)-BMO condition (7), then the system (1) has a unique weak solution u € W(’)"’Z(Q, RM) sat-
isfying the following estimate:

” D" ul ||Lp.q;A(Q) S ||LP-¢1§)»(Q) .
We end this section by the following two technical lemmas which play an important role in the
sequel. The first one is known as a variant of the Vitali covering lemma in the weighted settings.

The latter gives a characterization for functions in the weighted Lorentz spaces on a bounded
domain.

Lemma 2.9 (/19]). Let 2 be a (8§, R) Reifenberg flat domain, w € Ax, and r < R/60. Suppose
that E C F C Q2 are measurable and satisfy the following conditions:

() w(E) <ew(Br(y)), for some € € (0, 1) and for every y € Q;

(b) for any ball B,(y) with p € (0,2r) and y € Q, if w(E N By(y)) = ew(B,(y)) then N
B,(y)CF.

Then there exists ¢ := c(n, w) such that

w(E) <cew(F).

Lemma 2.10 (//9]). Let w € A and [ be a nonnegative measurable function in a bounded
subset Q2. Let 0 and ). > 1 be constants. Then for 0 < p, g < 0o we have

feLP9(Q) ifand only if S := Zkkqw({x €Q:gx)> 00 NIP < o0;
k>1

moreover,

S SIfIpa g S wE@VP+S.
For 0 < p < 00 and q = 0o, we have

TSI f Nl SwE@P 4T,
where

T =sup fw({x e Q:g(x) > o1 H/P.
k>1

3. Approximation results

In this section, we assume that the underlying domain Q2 is a (8, 8) Reifenberg flat domain
whereas the coefficients {a?/.ﬂ } satisfy (2), (3) and the small (8, 8)-BMO condition (7).
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3.1. Interior estimates

We first restrict ourself to consider the case By, C Qwith2p < R=8.Letu = ', ..., uM)e

W(')" ’2(52, RY) be a weak solution to the system (1). We now consider the following Dirichlet
problem

(%P Boyd) = i
{D @ () DPwi) =0 in By, 12

[l —wi|+...+ D" u —w)|=0 on 3By,
foralli=1,..., N.

We then have the following higher integrability estimate for the weak solution to the sys-
tem (12).

Proposition 3.1. Let w € W’”’z(B2p, RN) be a weak solution to the problem (12). Then there
exists €9 > 0 such that

(/|D'"w|2+€0dx)”l‘° < (/ |me|2dx)%. (13)

B, By

To prove this proposition, we need the following auxiliary results concerning the Poincaré
type inequality. See for example [12].

Lemma 3.2. Let u € WK-P (B, (xo)) with k € N; and p €[1, 00). There exists a unique polyno-
mial P(x) of degree at most k — 1 depending on xq, r, u such that there holds:

@) / D%(u — P)dx =0 for all a with |a| <k — 1.

By (x0)
(i1) Forevery 0 <s <t <k, there exists a constant c = c(n, p, s, t, k) such that

> DY (u — P)|Pdx < crP¢™ )" / |D” (u — P)|Pdx.

71=5B, (x0) 71=1B, (xo)

Proof of Proposition 3.1. Let P = (P;) ,N: | be polynomials associated to the weak solution w in
the ball By, as in Lemma 3.2. For x € By, and r > 0 such that B, (x) C By,, we fix a function
n € C(By(x) sothat 0 <n <1,n=1on B(x)and |[Dy| < r~ 1 for all & with |a| <
m = max; m;. Taking ¢' = (w' — P)n*" € W(')"i’z(Q) as a test function, we then have, from
Definition 1.1,

N
IS / a?? (v)DPwl D*[(w' — Pyy?™Idy =0,
i,j=1|a|=m; “3‘=ij,()¢)

Since deg P; <m; — 1 and | D%n| < r~1¢! for all o with || < 1, the identity above together with
(2), (3), the product rule and Holder’s inequality implies that
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N —
Z / |anm,'wl|2dy
=g ()

12 _ . 12
SYY Y ([ wrotwitay) ([ D ypy i - pyPay)

i, j=ly<a|Bl=m; B, (x) B, (x)
S 2 e[ wrptuita) ([ 107w - k)
i j=17<a|Bl=m; B (x) Br (0

We now apply Lemma 3.2 (ii) to conclude that

N —
> / " D™ w' [Py
=1B,(x)

Y ¥ Y% ([ wpruiay) ([ v - popay) "

i,j=1lyl=m;—1|B|=m; By (x) B, (x)
This implies
N N
Z / " DMiw Pdy Y Y / DY (w' — Py)*dy,
i=1 i=1|yl=m;i—1 B, (x)
and hence,

/ PSS > [ 107w = pofay.

By (x) i=llyl=mi=1 " p(x)
Using Sobolev’s embedding Theorem, we obtain

1/2
( ][ D" wldy) S ][|DY<w—P>|n+2dy ][|D'"w|n+2dy)

By (x) 'V' =mi—l B () B, (x)

n+2

Applying Lemma 3.2 again, we can dominate the first term on the right hand side by

n+2 +2
][ DY (w — P)|n+2dy) B <r ][ D" w|n+2dy) e

‘)"—ml 1 B, (x) By (x)
)12+2
s(f 10muiay) ”

By (x)

where in the last inequality we used the fact that 0 <r» < 8.
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Therefore,

( ][ |D’”w|2dy ]l|me|n+zdy)

By/2(x) B (x)

This along with Proposition 1.1 in [11, Chapter V] deduces the desired estimate.

Letw e W’”’Z(sz, RY) be a weak solution to the problem (12). We consider the following

problem:
5 ' '

D‘."(a?j .BpDﬁv-’) =0 . . in B,

[vf —wi[+...+ D"~ v —w)|=0 on 3B,
foralli=1,..., N.
Proposition 3.3. Let v be a weak solution to the problem (14). Then we have

m m, 2 172
D™l i, S (F 1D™02)
B,

and there exists €1 > 0 such that

(][|D’"(v—w>|2)1/258“(][ D" w?) /
B, By

(14)

15)

(16)

Proof. We first prove (15). Let P = (P;) be polynomials associated to the weak solution v in the

ball B, as in Lemma 3.2. Then, v — P is a weak solution to the problem
@ % BN —( i
D (al.j BpD v/)=0 in B,.

From the inequality (3.21) in [13, p. 121], we get that

sup | D™ (v/ — P)|<Z > p'"t*'y' ][|Dy<v P)|) "

Bpp2 i=1 |y|<m;—1

or equivalently,

Bor2 i=1 |yl<mi—1

. 1/2
sup|Dmva|<Z > pmmr( f|DV(v’—Pl->|2)
/)

At this stage, using Poincaré inequality in Lemma 3.2, we obtain
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o N\ 1/2
sup|Dm!v/|§(][|Dmv|) .

By

This proves (15).
‘We now take care of (16). From (3), we have

][|Dm(v w)|2<2 >y f ;‘;BB D' — wDP (v — w).

ivj="1lal=m; |Bl=m;j

5649

On the other hand, since v — w € W(')" ’2(Bp), from the definition of the weak solution to the

problem (12) and (14) we get that

N _
/Z Z Z afljﬂBpDD‘viDﬂ(vj—wj)

B, ij=lal=m; |pl=m;

N
= a®? (x)Dw; DP (v — wl) =0.
[E T ¥

B, Li=llal=mi|pl=m,;

This along with the inequality above implies

][|D’”<v—w)|2< S Y Y f( Py —af )Dawipﬂ(vj_wj).

i,j=1la|=m; |B|= m]B
Applying Holder’s inequality and Proposition 3.1, we get that

][|Dm<v—w>|2<2 % ][mﬂ(w—wm)

i,j=1l|a|=m; |,3‘—m/

(fry

[ B,

2(2+¢q) <
€0 ) 22+¢€)

B (x) — a,fB

i,j=1l|a|=m; |,3‘—m/

Y Y Y (forr=wre)"(f o)
By,

This yields that

(][|D’”(v — w)|2>% < s (][ |me|2)%. o
B, By,
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Proposition 3.4. For every € > 0, there exists § such that the following holds. If u €
W(')"’z(Q, RN) is a weak solution to the system (1) with

][ID’"ul2 <1, (17)

and

][ If)? < 52, (18)
By,

then there exists v e W™°(B, 2, RN) such that

I11D™v| || (8,5 < co. (19)
and
][ D™ (u —v)|* <e. (20)
By

Proof. Let w, v be solutions to the problems (12) and (14), respectively. Then we have, by (15)
and (16),

D™ [ Lo (B, )

_ (7[ |Dmv|2)1/2
By,

< (][ |D”’u|2)1/2—|— (][ D" (4 — w)|2)1/2 + (][ D" (w — v)|2)1/2
By Bap B2y

< (f |Dmu|2)l/2+ (7[ D" (4 — w)|2)l/2 n (][ |me|2)1/2

By,
][|Dm 2y ][|D’"<u—w)|2) . @

On the other hand, observe that u — w solves the following problem

Dé(af‘f(x)Dﬂ(uf—wf));Daﬁ“ in By,
[l —wi|+...+ D" u —w)|=0 on 3By,

foralli=1,..., N.
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By Proposition 1.2, one gets that
1/2 1/2
(f10mw-wP) s (fwr)"
B2p BZP

Taking this, (21), (18) and (17) into account, we can dominate || D" v| > g,) by

" - o\ 12 o 127 _
D™ vl LB, S D™ ul + If| S (44,
By,

By,

‘We now move on to prove (20). Note that

7[ D™ (u —v)|* < ][ |D™ (u — w)|* + 7[ |D™ (w — v)|*.

B,)2 B2 By
This estimate, in combination with (22) and (16), implies that
172 N\ 1/2
f|Dm w-vP) " s f|D’”w| (][m)
B2 By
Observe from (21) and (22) that

(fromed) "< [(f ey fi)]

B,

<(A+9).

From these two estimates, we conclude that

f |D™ (u — v)|> <8 (1+8) +6.
Bop
This completes the proof. O
3.2. Boundary estimates
We now localize our interest to consider the following case:

BY C Qs C{xeBs:x, >—1268}.

Let u € WJ"?

Dirichlet problem:
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(22)

(23)

(€2, RM) be a weak solution to the system (1). We now consider the following
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o, oB By — 3
{D (aij (x)DPw/) =0 in Qs, (24)

lul —wi|+...+ D" 1w —w)|=0 on 9Qs,
foralli=1,..., N.

Proposition 3.5. Let w € W’”’Z(Q5, RN be a weak solution to (24). Then there exists €y > 0
(without loss of generality, we may assume the same €q as in Proposition 3.1) such that

(/|D’”w|2+€0dx)“l‘° < (/lew|2dx>%. (25)
Q Qs

Proof. Let w be a zero extension of w from €24 to B4. By Proposition 1.1 in [11, Chapter V], it
suffices to prove that for y € Q4 and 0 <r < 4,

( ][ |me|2dx)l/2§( ][ |me|n%dx)%. (26)

Quyy5(y) B (y)
Indeed, if Bs,/6(y) C €25 then arguing similarly to Proposition 3.1 we obtain

n+2

( ][ |me|2dx)1/2§< ][ |D’”m|n%dx)7.

Qar/5(y) Bs;j6(y)

Moreover, (26) follows immediately if Bs,/6(y) C 5.

It remains to prove (26) in the case Bs,/6(y) N Qg # (. To do this, we fix a function n €
C®(Br(y)) sothat 0 <7 <1, n=1 on Byy5(y) and [D*n| < r~ 1! for all o with |a| <7 :=
max; m;. Taking ¢ = wn>" € Wg’ ’2(9, RV) as a test function, and then arguing similarly to
Proposition 3.1, we obtain that

1

( | D" w|? 2 _ g —mj+ly| Yari 27, ) 2
][ w|dx> SZZr i (7[|Dw|dx>.

Quar/s(y) J=llyl=mj—1 B (y)

This together with the Poincaré inequality near the boundary (see for example [1, Corol-
lary 8.2.7]) yields

N |
1/2 . 3
( ][ |me|2dx) <>y r*‘( ][ |D7’w/|2dx)2.
Qur5(9) J=tyl=mi=1 By
Applying Sobolev’s embedding Theorem, we can conclude that
n+2

( PN Ve . _om N\ N
][ D" w| dx) D (][|D7’w1|n+2dx> +(][|D u)|n+2dx> .

Qur/5(7) J=llyl=mj=1"p( B, ()
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Applying Poincaré inequality again for the first term on the right hand side of the inequality
above, we get (26) as desired. O

Let w be a weak solution to the problem (24). We next consider the following system:

o Otﬂ Brjy — :
D (au B DFh/) = . . in Qq, @7
|h —wi |+ .. +|D’"'_1(h’—w’)|:0 on 9Qu,

foralli=1,..., N.
Similarly to the proof of Proposition 3.3, we also obtain the following estimate.

Proposition 3.6. Let h be a weak solution to the problem (27). Then there exists €| > 0 (without
loss of generality, we may assume the same €1 as in Proposition 3.3) such that

(7[|Dm(h—w)|2)]/25361(][|D’"w|2>1/2. (28)

The main difference between Proposition 3.6 and Proposition 3.3 is that in Proposition 3.6
we could not expect the L°° norm of D™h to be bounded up to the boundary of €2 due to the
irregularity of the underlying domain 2. To overcome this trouble, we consider another problem

(B Bpiy—= i
D (al] B, DPRhI) = in 2y, (29)
|hi |+ ...+ |D™i~ 1h’| =0 on 9,%,
fori =1,..., N, and its limited problem
D (afjf‘B DFvIy = in B}, 30)
Wi |+ ...+ |D"i™ v|=0 on Ty,
fori=1,...,N
Definition 3.7. (a) A function h = (h', ..., h") € W™ (Q4, RV) is said to be a weak solution
to the problem (29) if
N _
[X X ¥ af, 0o
Q LJj=llal=m;|Bl=m;
for all ¢ € W(')"’2(§24, ]RN) and the zero extension / of & from §24 to By is in W’”*Z(B4, RN).
(b) A function v = (v}, ..., vN) e w2 (Bj, RN) is said to be a weak solution to the prob-

lem (30) if

/Z > X @f, pPviDtidx=o,

i,j=1a|=m; |ﬁ‘—m/

forall ¢ € W(')"’z(BZ“, R™) and the zero extension v of /4 from BI to By is in W™2(By, RN).
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Note that if & solves the system (27), then % also solves the system (29).
We then prove the following result.

Proposition 3.8. For every € > 0, there exists § such that the following holds. If h is a weak
solution to the problem (29) along with (23) and

][|D’”h|251, G31)
Qq

then there exists v € W’"’OO(B;', RNy n w2 (Bj', RN) solving the problem (30) with

][|D’"v|2 <1 (32)
B+

such that

fmm(h — D) <e, (33)
Q)

where v is the zero extension of v to By.

Proof. We will argue by contradiction as in [2]. Assume, to the contrary, that there exist an
€ > 0, a sequence of domains {€2;}, and a sequence of functions {A;} € W"2(QK, RV) such that

12

B;’CQIS‘C{xeB5:x,,>—7}, (34)
B By _ : k
D‘."(al.j B4D hk)—O- in Q, (35)
|hi|+ ...+ D™~ Thi|=0 on 8,0k,
fori=1,...,N,and
f|D'"hk|2 <1, (36)
o
But, we have
][|Dy<hk —)’>e (37)
Q)
where v is a weak solution to the following problem and v is its zero extension to By
D“(a;"jﬁB DAV =0 in B}, 38)
. 4 ,
Wi+...+ D" Wi|=0 on Ty,
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fori=1,..., N, with

Fiom s

+
B,
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(39)

From (36) and Poincaré inequality, it follows that there exist hg € W’”’2(B;r ,RN ), and a subse-

quence, which will still be denoted by {/}, so that foreach j =1,..., N,

D'h] — D'} in L*(Bf),i=0,...,m; —1,
and
D™ih] — D™ih} weakly in L*(B}).
Therefore, this and (36) imply that
7[ |D"hol* S 1.
5
Moreover, from (35), we have

N
/Z Z Z a?/ﬂB4Dﬂh,{D“(pidx:O,

gy =1 lal=mi |gl=m;

forall o € W"* (B, RY).
Passing to the limit k — oo, we get that

N -
[X X X &, ptuptdax=o

B} i,j=Lla|=m;|B|=m

forall o € W% (B}, RY).
We will prove that

Dihé =0on Ty,

(40)

foralli=0,...,mj —landall j=1,...,N. Indeed, we adapt the method of Browder and
Minty used for the second order-elliptic equations in [2, p. 1301] to our situation. For every j =
I,..., N, and every multi-index |y| <m; — 1, we fix any small 6 > 0 and take x" € Ty. We set

sy =min{s : (x’,0—s) € agzﬁ} foreach k € N. Then, 0 < s <8 +12/k and Dihi(x’, 0—s;)=0
for all k € N. Without loss of generality, we may assume that D¥h] € [C!(B)1" (h] =0 in

B4\2). Then we have
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a .
D"hi{(x',6 — (1 —s)sp)ds

0xy,

1
ID”h](x',0)| = D k] (x',0) — DV h](x',0 — sp)| =Sk)/
0

1
<@+ 12/k)/|D'V'+1h,{(x’,e — (1 —s)sp)lds.
0
Hence,
1
IDYR(x'0)* < (0 + 12/k)2/|pw+1h-,§(xg 6 — (1 —s)s)*ds.

0

Integrating this over 74 and using Poincaré inequality, we find that

1
/|Dyh£(x/,9)|2dx/§(9+12/k)2//|D|V|+1hi(x’,9—(1—s)sk)|2dsdx’
T4 Ty O

<@+ 12/k)2/|D'V‘+‘h,{|2dx
By

<CO+ 12/k)2/|1)mfh,{|2dx
By

<C6+12/k)°.
Letting k — oo and 6 — 0, we get that
/|Dth(x’,0)|2dx’ =0,
Ty

forall j=1,...,Nand |y|<m; — 1.
Therefore,

Dihé =0on Ty,
foralli =0,...,m; —landall j=1,...,N.
Gath_erin_g this with (40) we conclude that A is a weak solution to the problem (30).
Let hg, ho be zero extensions of hy, hg to By, respectively. The argument above show that

there exist Hy € W’"’Z(BA,, RN ), and a subsequence, which will still be denoted by {ﬁk}, so that
foreach j=1,...,N,

D] - D'HJ in L*(By),i =0,...,m; —1,

and
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D™ih] — D™i HJ weakly in L*(Ba).

This together with (34) implies Hy = 0 on B4 N {x, < 0}. As a consequence, ho = Hp in Ba.
Hence, foreach j=1,..., N,

D'h] — D'} in L*(By),i =0,...,m; — 1, 41)
and
D™i ] — D™ih} weakly in L*(By). (42)
We now claim that
D" h; — D™ hg in L*(By).

Indeed, take ¢ € C;°(Bs) so that 0 <¢ <1, ¢ =1in By, and |[D%¢| < 1 for all |a| <m :=
max; m;. Fix i € {1,..., N}. Define the test functions ¢y = ¢>" (hy — ho) € Wé"’z(Qk, RN) for
every k € N;. We then have, by (3),

N
/Z 3" DB (] — i) Pdx

By i=1 |a|=m;

N —
B rj 7 Zi T .2
S/Z > D a4y DPhy Q) D (hy — hig)¢*" dx

By D=1 lal=m; |Bl=m;

N - . _ . — _
=/ o2 D af, DPRD* (] — ¢ dx

By bi=llal=m;|Bl=m;

N — . . _ _
—/ oy a;"jﬁB4Dﬂth“(hi—hg)¢2mdx

B, Li=1lal=m; |Bl=m;

=11 (k) + Ly(k).

(43)

Due to (42), we have I,(k) — 0 as k — oo.
We now take care of I; (k). To do this, we write

N . ] o .
Lk =[> > Y agﬁB4Dﬁfz,iD“[¢2m(h}c—hé))]dx

ot i,j=Lla|=m;|B|=m

N
o! = T .
- Y XY X af, phnr - iy ax

lyl+nl=mi.lyl<mi © "7 p i j=1lal=m; |Bl=m,

=111 (k) + I2(k).

Since 2™ (hy. — ho) € Wi (25, RN), 111 (k) = 0.
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Using Holder’s inequality, (2) and (36), we have

N S !
i s ([10milar) (3 X [ 107 - iPax)’

By j=llylsm;—1lp,
N 1
g(z 3 /|Dy(ﬁ£—ﬁg)|2dx)2.
= Iy 1<m -1,

This, in combination with (42), yields Ij2(k) — 0 as k — oo. From the estimates of I;1(k),
I12(k), I>(k) and (43), we imply that

D"hy — D™ho in L*(B))
This contradicts (37) by taking v = hg and k to be sufficiently large. O

Proposition 3.9. For every € > 0, there exists § such that the following holds. If u €
W(')"’Z(Q, RN) is a weak solution to the system (1) with

][|D’"u|2 <1, (44)
Qs

and

][|f|2 <8 (45)
25

then there exists v € Wm’OO(B;, RMn wm.2 (B4+, RN) solving (30) such that

sup |D"v| < cy, (46)
Bf
and
][|D’"<u -9 <e, (47)
Q)

where v is a zero extension of v to S2a.

Proof. Let w, h be weak solutions to the problems (24) and (27), respectively. We then have, by
Proposition 3.6,

][|Dmh|2 < ][ D™ (h — w)|? +][|D’"(w —w? +][|Dmu|2
Q Q Q Q
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<8 ][ D" w? +][|D’”(w —u)? +][|D'"u|2
Qs Qs Qs

< ][ D™ (w — ) +][|D"’u|2,
Qs Qs

provided that § is sufficiently small (§ < 1 is enough).

Similarly to (22), we have
][|D’"(w —u)* < ][ If1%.
Qs Qs

Asa consequence,

][|D’"h|2 < f D"l + f 12 < 1.

Q4 Q4 Qq
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(48)

(49)

Hence, by Proposition 3.8, there exists v € Wm’oo(B;“, RM)N W’"*z(BI, RY) solving the prob-

lem (30) with

][ |ID"v> <1
By
such that

][|D’"<h )

Q2

Similarly to the inequality (3.21) in [13, p. 121], we can prove that

D™ 0l e 1) S p M +'V' |Dyv|2
(B")

i=1lyl=m;—1

Then applying the Poincaré inequality, we obtain that

Dm < Dm 21/2<1
D™ vl gy S (F 1D"0P) T S 1.

+
By

(50)

(51

In order to obtain the desired estimate (47), using Proposition 3.6, (48) and (51) we arrive at
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me. 2 < meh g 2 mep 2 m _ 2
ID"(w—v)I"5 [ IDT(h=0)"+ [ [DT(h—w)|"+ [ [D"(w—u)|
195 Q Q Q

5561/|w|2+/|f|2+e
Qs Qs
< g /|w—u|2+/|u|2 +/|f|2+€
Qs Qs

Qs

SE S +1)+8+€.
This completes our proof. O
4. Regularity estimates

This section is devoted to prove Theorem 2.7 and Theorem 2.8.
We need the following technical results.

Proposition 4.1. For w € A, there exists a positive constant Ly > 0 so that the following holds
true. For any € > (O there exists § such that if Q2 is a (8, 8) Reifenberg flat domain, the coefficients
{af‘jﬂ} satisfy (2), (3) and the small (8, 8)-BMO condition (7), and u € W(')"’Z(Q, RN) is a weak
solution to the system (1), and if, for some y € Q,

w [Biy10(y) N {x : Ma(ID™ul)(x) > Ao} = ew(Bi/10(»)), (52)
then
Q1/10(y) C {x € Q: Ma(ID"ul)(x) > 1} U {x € Q: Ma(/f|xe)(x) > &}. (53)

Proof. By Lemmas 2.5, it suffices to prove this proposition for the unweighted case w = 1. To
do this we argue by contradiction. Assume that

|B1/10(y) N {x : Ma(ID™"ul)(x) > ro}| = €|B1/10(»)I, (54)

but there is xo € Qj/10(y) so that xo ¢ {x € Q : Ma(|ID"u)(x) > 1} U {x € Q :
Mo (|f| xq)(x) > 8}. Hence, for any r > 0 we have

f ID"™u* <1, and ][ Itxal* < 8% (55)
By (x0) By (x0)
Observe that for any x € By/19(y) we have

Mo (D™ ul)(x) < max { Ma(ID™ulxp, 5(y))(x), 3"} . (56)

We now consider the following 2 cases: By/s(y) N Q¢ # @ and By;5(y) C Q.
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Case 1: By/5(y) N Q° #.
Fix some yp € 92 N By5(y). It is easy to see that

B15(y) C Bi1(yo) C B2o(y0) C Bao(xo)-
This together with (54) implies that

][ |D™ul?> <2", and ][ IExal®> <275 (57)

B0 (y0) B0 (y0)

Moreover, from the definition of the (§, R) Reifenberg flat domain, it can be seen that there

exists a coordinate system, whose variables are denoted by z = (z1, ..., z,) with the origin at
some interior point of €2 such that in this new coordinate system yo = (0, ..., 0, —65) and
B CQNBsCBsN{z:z, > —128}. (58)

For 6 < 1, it is obviously that in this coordinate system, we have Bs C Byo(yo). Taking this, (57)
and (58) into account and applying Proposition 3.9, we can find a function v € W (B, RV)
so that

1D™v] oo By 5(y)) < 11D 0] |l Loe(8y) < C1,
and
][ |ID™(u —v)|>dx < C][le(u —v)|?dx <%,
Bi5(y)) By

where € is a positive small constant which will be fixed later.
On the other hand, by (54) we have

Ma(ID™ul)(x) < Ma(ID™v|xB, 5(3))(x) + Ma(ID™ (u — )| XB, 5(7)) (X)-
By choosing 1o = 2(C; + 3"), we obtain that
{x € B110(y) : M2(ID"ul)(x) > Ao} < {x € Bij10(y) : Ma(ID™ (u — v)| Xy 5(3)) (X) > 10/2}

C

= / D™ (u — v)|*dx
OQl/s(y)

< C3€1Q1/10(0).

We now choose § so that Cz€ < €. Hence,

{x € Bij10(y) : M2(IVul)(x) > Ao} < €| B1/10(»)|,

which is a contradiction. This completes our proof of this case.
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Case 2: By/5(y) C Q.
In this situation, we can repeat the argument above in which we make use of Proposition 3.4
instead of Proposition 3.9. We omit details here. O

By using the rescaling-argument, we have the following result.

Proposition 4.2. For w € A, there exist a positive constant Ao > 0 so that the following holds
true. For any € > 0 there exists § such that if Q2 is a (8, R) Reifenberg flat domain, the coefficients
{a;"f} satisfy (2), (3) and the small (8, R)-BMO condition (7), and u € W(;”’z(Q, RN) is a weak
solution to the system (1), and if, for some B,(y), y € Q and r < R/60,

w [ B (y) N {x : Ma(ID™ul)(x) > Ao}] = €w (B (y)), (59
then

Qr(y) C {x : Ma(ID™ul)(x) > 1} U {x : Ma(Iflx) (x) > 8}. (60)

Proof. Consider the re-scaled functions:

- ui(rx+y) B -
' (x) = T,a?jﬂ(x) Zaf}ﬂ(rx + ), [ ) = frx +y),
forall i =1,..., N and multi-indices « with |a| = m;. We set Q = {=< : x € Q}. Then we

can check that  is a (8, 8) Reifenberg flat domain. At this stage, applying Proposition 4.1 to

the system (1) with i, fi‘x, Zl;xjﬁ and the domain replacing u, f7, a;xj and the domain €2,
respectively, we finish the proof. O

We are ready to give the proof of the main results.

Proof of Theorem 2.7. We first prove that if |f| € L5 ?(Q) then |f| € L2(Q) with p € (2, c0),
0 <g <ooand w € Ap)>. Indeed, from the definition of the weighted spaces Lg,’q(Q), we have,
for2 < p<o00,0<qg <00, wE€E A,

LPa(Q) C LE°(Q) C LE79(Q), forall o > 0 with p—o > 1. 61)

Since w € A2, there exists o > 0 such that w € Ap-—s. See for example [10]. From this and
2

(61), it suffices to prove that L (2) C L?>(Q) withs >2 and w € Ay 2. This follows from the
following chain of inequalities

1/2 1/2
([1serar) ™= ([ letoru? aw )
Q Q

: (/'g(x)'sw(”dx)l/s(/w(x)—fzdx)%
Q

Q

< llglLs @lw]

s (w()\—1/s
Ax/z( 9] ) ’

where in the second step we used Holder’s inequality.
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We now turn to the proof of the theorem. Let §, € and A be as in Proposition 4.2. For K > 0,
we define ux = ¢ and fx = % We set

E={xeQ: Ma(|D"ugl|)(x) > 1o}
and
F={xeQ: May(ID"ug(x)>1}U{x € Q: Ma(|fx|)(x) > §}.

By (5), we have

|E|<—/|D'"u1<|2 T )2/|D’"u|2

(K/\o)2 /| g

Let By be a fixed ball so that Q C By. For a fixed »r = R/60, from Lemma 2.5, there exists a
constant A, so that

w(§2) < w(Bo) = w(2Bo) = Ayw(B(y)), (62)

forall y € Q.

1/2
Taking K = |: fQ If |2:| , where € is a constant will be fixed later, then we have

Ay
€|Bolr3
|E| < €|Byl.
This, in combination with Lemma 2.5 and (62), implies that

w(E) < A3e""w(Bo) < A2A3e"™ w(B,(y)), Vye€Q,

for some constant A3 > 0.
Taking € so that Ay A3e"r < €, we get that

w(E) <ew(Br(y)), VyeQ,
which satisfies the condition (a) in Lemma 2.9. The condition (b) in Lemma 2.9 follows imme-

diately from Proposition 4.2. Hence, applying Proposition 4.2 iteratively, we get that following
estimate:

w(tr €@ Mo D" ur)x) > 1))

< ei]k/Pw<{x € Q: Mo(ID"ug )(x) > ”)q/p
+ Zeqi/p ({x € Q: Ma(fg ) (x) > Skgie})q/p’

fork=1,2,..., where €] = c(n, w)e.
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Hence, we have

Zkng({x € Q: Mp(ID"Mukl)(x) > A’é})q/p
k=1

> q/p
< Zei’k/pkng({x € Q: Ma(ID"ug ) (x) > 1})
k=1

00 k
_p\4/P
n Z}‘gq Zéf‘/f”w({x € Q: My(Ifx ) (x) > 82 Z}) :
k=1 =1

Taking € small enough so that elkg < 1 and then applying Lemma 2.10, we get that

IMa(ID™ ug Dl ra gy S 1€k [l pa gy + w()' /7.
This together with Lemma 2.6 yields
D™ uk | oy S Wkl e g +w()'P.
This implies

|||Dm“|||L1u’;q(Q) S ”f”Lg)'q(Q) + KW(Q)I/'D-

On the other hand, we have

172
A 1/2
k=| 2t [ <(f tnaP)
E|BO|)‘()
Q Bo

< inf Ma(Ifxal)(x).
xeR

Hence, for 6 > 0 such that w € A p—s , we have
2

D™ ulll L gy S Il L ) + w ()P Inf Ma(Ifxel(x)

1
S Il gy + w7 inf Ma(fxal(x)

5 ||f||L1uf,~‘1(Q) + ||M2(|fX§2|)||L5*U

<
~ ”f”Li’;’I(Q)y

where in the last inequality we used (61). This completes the proof. O
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We now give the proof of Theorem 2.8.

Proof of Theorem 2.8. Fix x¢ € Q and r > 0. According to Proposition 2 in [6] that for any

0 €(0,1), M(xB,x)))° €A1
Choose o € (A/n, 1). Then for p € (2, 00), we have

(M(XB, (x))” € A1 CAp)2.
Hence, Theorem 2.7 tells us that there exists § so that
[ 10" ul || pa gy S T Lpa gy s wE) = (M(XB, 0) () (63)
‘We now set

szr(-xo)\BZk’lr(xo)v k = 17

Sk (B (x0)) = {Br(xo), k—0.

‘We now consider two cases:
Casel:gq/p=>1.
We have

- q/p rlq

|||Dmu|||zp-q(QﬂB,(x0)) = tp dx —
{xeQNB;(xg):| D" u(x)|>t}

- a/p 1/4

[’}
g
0
00
= p/ tP / XBr(xo)dx T
0
')
g
0

{xeQ:|D"u(x)|>t}

- a/p rla

IA

d
i / MOt @e)7d |

{xeQ:|D"Mu(x)|>t}

This, in combination with (63), gives

D" ul ||1L7p-q(ng,.(x0))

N q/p r/q
» - dt
<{p t (M(XB, (xp)) (X)) dx e
0 {xeQ:|f(x)|>1}
q/p r/q

o o0 d
=S dp [ / MOmaedx | SH o)
0

k=0 [X€QNSk (B, (x0)):If(x) > 1}
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A simple calculation shows that

o 1, x € So(Br(x0))
(M, 0 ()7 = {2_0”("_1), x € Sp(B,(x0)), k> 1.

Inserting this into (64), we obtain

D™ ull 7048, (xo))
N rlq
dt
< p/(zm{x € QN B, (xo) : If0)| > 1}])/” r
0

) o0
dt
+ Zz-an(k—” p/(tp|{x € QN By, (x0) : [f(x)| > t}|)‘1/” —
k=1 0

This implies that

r_AH | D™ ul ||€ﬂvq(QmB,(x0))
) r/q
- » q/p dt
<r p [ (tPl{x € QN B, (x0) : If(x)| > 1}]) ”
0

o]

o
dt
+ Zz*""“‘*l)r*x p/(tpl{x € QN By, (xo) : |f(x)] > t}|)‘1/P —
k=1

0

o0
—k —
< NI g gy + D 27 NN g2
k=1

SN 02 -

Hence

1D ul ||L1w:>\(§z) < NIl ”LPJIJ)L(Q)'

Case2:g/p < 1.
Using the inequality

o0 s o
(Ya) =Y ai. forallax=0and0<s <1,
k=0 k=0

and (63), we then argue similarly to the Case 1 to obtain

rlq

rlq

(65)
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ol q/p

Dm q < P M dd dt

D™l racng,eon <P [ |1 (M, ) ) 7dx | =
0 {xeQ:| D" u(x)|>t}

r q/p

dt
o / (MOt )7dx |
{xeQ:|f(x)|>1}

e ¢]

IA
B
=)

q/p

o0

dt

p/ t? / (M (XB, (xp)) (%)) dx R
0 {x€QNSK(By (x0)):If(x)|>1)

WK

=
k

Il
=}

Using (65), we obtain

oo
dt
D" a0, ) < P / (" lx € Q0 B (x0) : )] > 1)) =
0

00 o0
dt
+ Zz*”"‘f("*”/ljp/(ﬂw{x € Q2N By, (x0) : f(0)] > 111)"/7 —
k=1 0

This implies that

rq
- m q
r P DT Ul pa @B, (x))

00

_2q di

<r ;p/(tp|{x € QN By (xo) : [£(x)] >t}|)¢1/[’ t
0

S Ag it dl‘
+ Zz*a"‘f(k*l)/l’r‘fp/(m{x € QN By, (x0) : [f(x)] > z}|)‘1/P -
0

k=1
o
—k _
<N s g + D27 1PN 5
k=1
S |||f|||(11‘p,q,/»(9)

Hence we obtain
|||Dmu|||Lp-q;k(Q) 5 |||f|||Lp.q:l(gz)- O
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