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Abstract

Consider a higher order elliptic system

{
Dα(a

αβ
ij

(x)Dβuj ) = Dαf α
i

in �,

|ui | + |Dui | + . . . + |Dmi−1ui | = 0 on ∂�,

for all i = 1, . . . , N with N ∈ N+, and all multi-indices |α| = mi , |β| = mj with mi ∈ N+ for all 
i = 1, . . . , N , and the standard summation notation is understood. We assume that the leading coefficients 
a
αβ
ij

(x) have small BMO norms and the domain � ⊂ R
n is open, bounded and flat in the Reifenberg’s sense. 

This article is to prove the regularity estimates of this system in weighted Lorentz spaces and in Lorentz–

Morrey spaces. Our results require weak assumptions on the regularity of the coefficients aαβ
ij

(x) and the 
boundary ∂�, and they are new even for scalar higher order elliptic equations.
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1. Introduction

Consider the following higher order elliptic systems in the form:{
Dα(a

αβ
ij (x)Dβuj ) = Dαf α

i in �,

|ui | + |Dui | + . . . + |Dmi−1ui | = 0 on ∂�,
(1)

for all i = 1, . . . , N with N ∈ N+, and all multi-indices |α| = mi , |β| = mj with mi ∈ N+ for all 
i = 1, . . . , N , where � is an open, bounded subset on Rn and f = {f α

i } with f α
i ∈ L2(�) for all 

1 ≤ i ≤ N and multi-indices α with |α| = mi . (The standard summation notation on the elliptic 
system is understood).

In this article, we assume that the coefficients aαβ
ij (x) of the equation (1) are uniformly

bounded and elliptic, i.e. there exist two positive constants L, ν > 0 such that

|aαβ
ij (x)| ≤ L, (2)

and

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij (x)ξα

i ξ
β
j ≥ ν

N∑
i=1

∑
|α|=mi

|ξα
i |2, ∀(ξα

i ). (3)

We now give some notations:

• For every multi-index m = (m1, . . . , mN), we denote by Wm,p(�, RN) and Wm,p

0 (�, RN)

the cartesian products

Wm1,p(�) × . . . × WmN,p(�) and W
m1,p

0 (�) × . . . × W
mN,p

0 (�),

respectively.
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• For ui ∈ Wmi,p(�) and k ∈ N, we denote Dkui = (Dγ ui)|γ |=k for i = 1, . . . , N .
• For u = (u1, . . . , uN) ∈ Wm,p(�, RN) we denote Dmu = (Dm1u1, . . . , DmN uN) and

∣∣Dmu
∣∣2 =

N∑
i=1

∣∣∣Dmi ui
∣∣∣2 =

N∑
i=1

∑
|γ |=mi

∣∣∣Dγ ui
∣∣∣2 ,

for all multi-indices m = (m1, . . . , mN).

We recall the definition of weak solutions to the system (1).

Definition 1.1. A function u = (u1, . . . , uN) ∈ W
m,2
0

(
�,RN

)
is said to be a (weak) solution to 

the system (1) if

ˆ

�

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij (x)DβujDαϕidx =

ˆ

�

N∑
i=1

∑
|α|=mi

f α
i Dαϕidx, (4)

for all ϕ = (ϕ1, ϕ2, . . . , ϕN
) ∈ W

m,2
0 (�, RN).

By applying the Lax–Milgram theorem, we can prove the following results.

Proposition 1.2. The system (1) has a unique weak solution. Moreover, the following estimate 
holds true: ∥∥ |Dmu|∥∥

L2(�)
� ‖ |f| ‖L2(�) . (5)

This paper is devoted to investigate the regularity results to the system (1) under the mild 
conditions on the coefficients and on the boundary of the domain. More precisely, we look for the 
conditions on the coefficients and on the boundary of the domain so that the following estimate 
holds true

‖|Dmu|‖F � ‖|f|‖F , (6)

for some function spaces F .
The regularity problem for elliptic equations is one of the most interesting topics and plays 

a very important role in the theory of partial differential equations. This topic has received a 
great deal of attention from many mathematicians. The regularity results concerning the second 
order elliptic equations were investigated in, for example, [2,3,11,5,9,15,16,25,21,20,26] and the 
references therein. Note that the second order elliptic equations are the particular cases of the 
system (1) corresponding to N = 1 and m = 1. We now give a brief summary of the progress so 
far in this direction of research (but the list is by no means exhaustive).

(i) An early result in this direction is due to N. Meyers (cf. [21]). He proved that the W 1,p

regularity estimate (6) is valid for p being close to 2 provided that the coefficient matrix 
A is uniformly bounded and elliptic, and � is a bounded domain (opened connected set).
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(ii) If the coefficient matrix A is assumed to satisfy suitable continuity conditions and the 
domain � has some smoothness condition on its boundary then one can expect that (6) is 
valid on F ≡ Lp for some p ∈ (1, ∞). See for example [22, Chapter 5] and [25].

(iii) In [15], the authors considered the quasilinear equations related to quasilinear elliptic op-
erators L = divA(x, ∇) on the regular domains which include the case of p-Laplacian 
div(|∇u|p−2∇u). They obtained W 1,r regularity for these equations with r being close 
to p. Moreover, a number of interesting results regarding comparison estimates and local 
difference estimates related to these equations were also obtained.

(iv) In [5], the authors introduced an effective approximation method to study the regularity 
of the general class of elliptic problems. Then they applied this method to study W 1,p

regularity for a nonlinear elliptic operator in divergence form. In particular case of the 
linear elliptic equation, this method gives an alternative approach to the classical one. In 
this work, the coefficients matrix A is assumed to be continuous or close to the identity 
matrix in a suitable sense.

(v) The regularity of Laplacian Dirichlet problems on the Lipchitz domains was obtained 
in [16]. The authors obtained a complete description of all Sobolev estimates including 
the W 1,p regularity for these equations. More importantly, some counterexamples are also 
included to show that certain regularity estimates may fail if the boundary of the underlying 
domain is not smooth enough.

(vi) In [17,18], the author proves the regularity estimates of the second-order elliptic equations 
with VMO coefficients.

(vii) The W 1,p regularity of the second-order elliptic equations and the second-order elliptic 
systems with non-smooth coefficients and Reifenberg flat domains were proved in [2,3].

(viii) Recently, the authors in [19] proved the global gradient estimates on the weighted Lorentz 
spaces for the standard weak solutions to quasilinear elliptic equations on Reifenberg flat 
domains. As a consequence, they obtained other regularity results in Lorentz–Morrey, 
Morrey, and Hölder spaces.

The regularity results for the higher order elliptic equations are less well-known. We list some 
of works related to the research direction.

(i) In [12], the authors introduced a unified treatment to prove regularity results for weak so-
lutions to higher-order elliptic systems on a bounded domain in Rn. This contains some 
important results concerned with the regularity problem of elliptic systems. Certain results 
on differentiability theory of weak solutions of the higher-order elliptic systems can be 
found in [13].

(ii) The work [8] is devoted to the Lp-theory of higher-order parabolic and elliptic systems in 
the whole space Rn, on the half space Rn+ and on a bounded domain in Rn. The leading 
coefficients of the systems are assumed to be merely measurable only in the time variable 
and have a small BMO norms with respect to the spatial variables.

(iii) The global regularity for higher order divergence elliptic equations on Rn was investigated 
in [28]. They made use of the Fefferman–Stein maximal functions to obtain the regularity 
on Orlicz spaces.

(iv) Recently, in [4], the authors established optimal gradient estimates in the Orlicz space for 
solutions of a nonhomogeneous elliptic equation of higher order with discontinuous coeffi-
cients on a nonsmooth domain. The regularity estimates of higher order elliptic equations 
on Rn with VMO-coefficients was investigated in [14].
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The main aim of this paper is to prove the regularity estimates for the higher order elliptic 
systems (1) in the settings of weighted Lorentz spaces and Lorentz–Morrey spaces. We require 
neither smoothness conditions for the underlying domain � nor strong regularity conditions for 
the coefficients {aαβ

ij }. This article only assumes some flatness condition on the domain and a 
small BMO norm condition on the coefficients. See Section 2. We note that neither the uniformly
elliptic conditions (2) and (3) nor smoothness conditions guarantee the Lp-boundedness in the 
regularity estimates (5) even for the second-order elliptic case. See for example [21,16]. In this 
sense, our assumptions of the small BMO coefficients and the flatness domain are reasonable, 
and are flexible enough to cover a large class of elliptic systems. We refer to Section 2 for further 
comments on these two conditions.

We note that our approach in this paper is different from those in [28,8] which rely heavily 
on the sharp Fefferman–Stein maximal functions. The sharp Fefferman–Stein maximal functions 
approach may not be applicable to our setting due to the lack of the regularity of the coefficients 
and the smoothness of the domain. To overcome this problem, we employ the approach in [2,
5,19] which relies on approximation estimates to the weak solutions, the Vitali type covering 
lemma and the Hardy–Littlewood maximal function.

Finally, it is worth noticing that the regularity estimates for the higher order elliptic equation 
and the second order elliptic systems, which are, respectively, particular cases of (1) correspond-
ing to i = j = 1 and to mi = 1 for all i = 1, . . . , N , were investigated in [4,3]. In comparison with 
[4], our article gives results for the more general setting of the systems of higher order elliptic 
equations which requires a number of new estimates such as approximation results in Section 3. 
Unlike [4], we work in the setting of the weighted Lorentz spaces and Lorentz–Morrey spaces 
instead of the Orlicz spaces as in [4]. Therefore, the results in this article are new even in the 
special case of a higher order elliptic equation. Compared with [3], our paper can be viewed as 
an extension to the higher order elliptic systems and to the more general setting of the weighted 
Lorentz spaces.

The organization of the paper is as follows. In Section 2, we give the assumptions for the 
system (1) and state the main results. Some approximation results are given in Section 3. Finally, 
Section 4 is devoted to the proofs of the main results.

Throughout the paper, we always use C and c to denote positive constants that are independent 
of the main parameters involved but whose values may differ from line to line. We will write 
A � B if there is a universal constant C so that A ≤ CB and A ∼ B if A � B and B � A.

2. Assumptions and main results

2.1. Assumptions

We begin with some notations which will be used frequently in the sequel.
For r > 0 and x ∈R

n, we denote:

• Br = {y : |y| < r}, B+
r = Br ∩ {y = (y1, . . . , yn) : yn > 0} and Tr = Br ∩ {y = (y1, . . . , yn) :

yn = 0};
• Br(x) = x + Br , B+

r (x) = x + B+
r and Tr(x) = x + Tr ;

• �r = � ∩ Br , ∂w�r = ∂� ∩ Br and �r(x) = � ∩ Br(x).

For a measurable function f on a measurable subset E in Rn we define
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f E =
 

E

f = 1

|E|
ˆ

E

f.

Throughout this paper, apart from (2) and (3) we additionally assume that the coefficients aαβ
ij

satisfy the small BMO norm condition as follows.

Definition 2.1. Let R, δ > 0. The coefficients {aαβ
ij } are said to satisfy the small (δ, R)-BMO 

condition if

sup
y∈Rn,0<r≤R

 

Br(y)

|aαβ
ij (x) − a

αβ
ij Br (y)

|2 dx ≤ δ2, (7)

for all i, j , α, β as in (1).

Remark 2.2. (a) The small (δ, R)-BMO condition (7) was firstly used in [2] to study the regu-
larity of the second order elliptic equations. This condition allows the coefficients to be merely 
measurable in x and possibly not continuous in x. This is a good substitute to the VMO condi-
tions in [9,14].

(b) Note that under the conditions (2), (3) and (7), it is easy to see that for any τ ∈ [1, ∞)

there exists ε > 0 so that

sup
y∈Rn,0<r≤R

 

Br (y)

|aαβ
ij (x) − a

αβ
ij Br (y)

|τ dx � δε,

for all i, j , α, β as in (1).

Concerning the underlying domain �, we do not assume any smoothness condition on �, but 
the following flatness condition.

Definition 2.3. Let δ, R > 0. The domain � is said to be a (δ, R) Reifenberg flat domain if for 
every x ∈ ∂� and 0 < r ≤ R, there exists a coordinate system depending on x and r , whose 
variables are denoted by y = (y1, . . . , yn) such that in this new coordinate system x is the origin, 
and

Br ∩ {y : yn > δr} ⊂ Br ∩ � ⊂ {y : yn > −δr}. (8)

The concept of a (δ, R)-Reifenberg flatness domain was first introduced in [24]. This domain 
does not require any smoothness on the boundary of �, but sufficiently flat in the Reifenberg’s 
sense. The Reifenberg flat domain includes domains with rough boundaries of fractal nature, and 
Lipschitz domains with small Lipschitz constants. See for example [24,7,23,27].

Fix y ∈R
n and r > 0. Consider the re-scaled functions:

ũi (x) = ui(rx + y)

rmi
, ã

αβ
ij (x) = a

αβ
ij (rx + y), f̃ α

i (x) = f α
i (rx + y),

for all i = 1, . . . , N and multi-indices α with |α| = mi . We set
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�̃ =
{x − y

r
: x ∈ �

}
.

Then we deduce the following result immediately.

Lemma 2.4. Assume that the coefficients {aαβ
ij } satisfy (2), (3) and the small (δ, R)-BMO con-

dition (7), and the domain � is a (δ, R) Reifenberg domain for some δ, R > 0. If u is a weak 
solution to (1), then ũ is a weak solution to the following problem:{

Dα(ã
αβ
ij (x)Dβũj ) = Dαf̃ α

i in �̃,

|ũi | + |Dũi | + . . . + |Dmi−1ũi | = 0 on ∂�̃,
(9)

for all i = 1, . . . , N with N ≥ 1. Moreover, the coefficients {ãαβ
ij } satisfy (2), (3) and the small 

(δ, R
r
)-BMO condition (7), and the domain �̃ is a (δ, R

r
) Reifenberg flat domain.

Due to this result, in certain circumstances, we may assume that R = 8 or any fixed number.

2.2. State the main results

Let 1 ≤ p < ∞. A nonnegative locally integrable function w belongs to the Muckenhoupt 
class Ap , say w ∈ Ap , if there exists a positive constant C so that

[w]Ap := sup
B:balls

( 
B

w(x)dx
)( 

B

w−1/(p−1)(x)dx
)p−1 ≤ C, if 1 < p < ∞,

and

 

B

w(x)dx ≤ C ess-inf
x∈B

w(x), if p = 1,

where the supremum is taken over all balls B in Rn. We say that w ∈ A∞ if w ∈ Ap for some 
p ∈ [1, ∞). We shall denote w(E) := ´

E
w(x)dx for any measurable set E ⊂R

n.

Lemma 2.5 ([10]). Let w ∈ Ap , 1 ≤ p < ∞. Then, there exist κw > 0, and a constant C > 1
such that for any ball B and any measurable subset E ⊂ B ,

C−1
( |E|

|B|
)p ≤ w(E)

w(B)
≤ C

( |E|
|B|
)κw

.

Let w ∈ A∞, 0 < p < ∞ and 0 < q ≤ ∞. The weighted Lorentz space Lp,q
w (�) is defined as 

the set of all measurable functions f on � such that

‖f ‖L
p,q
w (�) :=

⎧⎨⎩p

∞̂[
tpw ({x ∈ � : |f (x)| > t})]q/p dt

t

⎫⎬⎭
1/q

< ∞

0
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In the particular case p = q , the weighted Lorentz spaces Lp,p
w (�) coincide with the weighted 

Lebesgue spaces Lp
w(�) which is defined as all measurable functions f on � such that

‖f ‖L
p
w(�) =

(ˆ
�

|f (x)|pw(x)dx
)1/p

.

For r > 0, the Hardy–Littlewood maximal function Mr is defined by

Mrf (x) = sup
Q�x

( 1

|Q|
ˆ

Q

|f (y)|r dy
)1/r

, x ∈ R
n,

where the supremum is taken over all cubes Q containing x. When r = 1, we write M instead 
of M1.

We now record the following results concerning the weighted Lorentz estimates of the maxi-
mal functions. See [19, Lemma 3.11].

Lemma 2.6. Let r < p < ∞, 0 < q ≤ ∞ and w ∈ Ap/r . Then we have

‖Mrf ‖L
p,q
w (Rn) � ‖f ‖L

p,q
w (Rn).

Our main results are formulated in the following two theorems. The first one gives a regu-
larity estimate in the weighted Lorentz spaces. The later addresses a regularity estimate in the 
Lorentz–Morrey spaces.

Theorem 2.7. Let p ∈ (2, ∞) and let w ∈ Ap/2. Then there exist positive constants C and δ
such that the following holds. If f α

i ∈ L
p,q
w (�) for all |α| = mi and i = 1, . . . , N , the domain 

� is a (δ, R) Reifenberg flat domain, and the coefficients {aαβ
ij } satisfy (2), (3) and the small 

(δ, R)-BMO condition (7), then the system (1) has a unique weak solution u ∈ W
m,2
0 (�, RN)

satisfying the following estimate:∥∥ |Dmu|∥∥
L

p,q
w (�)

� ‖ |f| ‖L
p,q
w (�) . (10)

The estimate (10) is nothing, but implies the Wm,p regularity estimates for the weak solution 
to the system (1), i.e, ∥∥ |Dmu|∥∥

Lp(�)
� ‖ |f| ‖Lp(�) , p > 2. (11)

By the standard duality argument, it can be proved that (11) is valid for 1 < p < 2, and hence, 
(11) holds true for all 1 < p < ∞.

For 0 < p < ∞, 0 < q ≤ ∞ and λ ∈ (0, n), the Lorentz–Morrey function space Lp,q;λ(�) is 
defined as the set of all measurable functions f such that

‖f ‖Lp,q;λ(�) = sup
z∈�

sup
0<r≤diam �

r
− λ

p ‖f ‖Lp,q (Br (z)∩�).
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Theorem 2.8. Let p ∈ (2, ∞), 0 < q ≤ ∞ and λ ∈ (0, n). Then there exist positive constants C
and δ such that the following holds. If f α

i ∈ Lp,q;λ(�) for all |α| = mi and i = 1, . . . , N , the do-

main � is a (δ, R)-Reifenberg flat domain, and the coefficients {aαβ
ij } satisfy (2), (3) and the small 

(δ, R)-BMO condition (7), then the system (1) has a unique weak solution u ∈ W
m,2
0 (�, RN) sat-

isfying the following estimate:∥∥ |Dmu|∥∥
Lp,q;λ(�)

� ‖ |f| ‖Lp,q;λ(�) .

We end this section by the following two technical lemmas which play an important role in the 
sequel. The first one is known as a variant of the Vitali covering lemma in the weighted settings. 
The latter gives a characterization for functions in the weighted Lorentz spaces on a bounded 
domain.

Lemma 2.9 ([19]). Let � be a (δ, R) Reifenberg flat domain, w ∈ A∞ and r < R/60. Suppose 
that E ⊂ F ⊂ � are measurable and satisfy the following conditions:

(a) w(E) < εw(Br(y)), for some ε ∈ (0, 1) and for every y ∈ �;
(b) for any ball Bρ(y) with ρ ∈ (0, 2r) and y ∈ �, if w(E ∩ Bρ(y)) ≥ εw(Bρ(y)) then � ∩

Bρ(y) ⊂ F .

Then there exists c := c(n, w) such that

w(E) ≤ cεw(F).

Lemma 2.10 ([19]). Let w ∈ A∞ and f be a nonnegative measurable function in a bounded 
subset �. Let θ and λ > 1 be constants. Then for 0 < p, q < ∞ we have

f ∈ Lp,q
w (�) if and only if S :=

∑
k≥1

λkqw({x ∈ � : g(x) > θλk})q/p < ∞;

moreover,

S � ‖f ‖q

L
p,q
w (�)

� w(�)q/p + S.

For 0 < p < ∞ and q = ∞, we have

T � ‖f ‖L
p,∞
w (�) � w(�)1/p + T ,

where

T = sup
k≥1

λkw({x ∈ � : g(x) > θλk})1/p.

3. Approximation results

In this section, we assume that the underlying domain � is a (δ, 8) Reifenberg flat domain 
whereas the coefficients {aαβ} satisfy (2), (3) and the small (δ, 8)-BMO condition (7).
ij
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3.1. Interior estimates

We first restrict ourself to consider the case B2ρ ⊂ � with 2ρ < R = 8. Let u = (u1, . . . , uN) ∈
W

m,2
0 (�, RN) be a weak solution to the system (1). We now consider the following Dirichlet 

problem {
Dα(a

αβ
ij (x)Dβwj ) = 0 in B2ρ,

|ui − wi | + . . . + |Dmi−1(ui − wi)| = 0 on ∂B2ρ,
(12)

for all i = 1, . . . , N .
We then have the following higher integrability estimate for the weak solution to the sys-

tem (12).

Proposition 3.1. Let w ∈ Wm,2(B2ρ, RN) be a weak solution to the problem (12). Then there 
exists ε0 > 0 such that

(ˆ
Bρ

|Dmw|2+ε0dx
) 1

2+ε0 �
( ˆ
B2ρ

|Dmw|2dx
) 1

2
. (13)

To prove this proposition, we need the following auxiliary results concerning the Poincaré 
type inequality. See for example [12].

Lemma 3.2. Let u ∈ Wk,p(Br(x0)) with k ∈ N+ and p ∈ [1, ∞). There exists a unique polyno-
mial P(x) of degree at most k − 1 depending on x0, r , u such that there holds:

(i)
ˆ

Br(x0)

Dα(u − P)dx = 0 for all α with |α| ≤ k − 1.

(ii) For every 0 ≤ s < t ≤ k, there exists a constant c = c(n, p, s, t, k) such that

∑
|γ |=s

ˆ

Br(x0)

|Dγ (u − P)|pdx ≤ crp(t−s)
∑
|γ |=t

ˆ

Br (x0)

|Dγ (u − P)|pdx.

Proof of Proposition 3.1. Let P = (Pi)
N
i=1 be polynomials associated to the weak solution w in 

the ball B2ρ as in Lemma 3.2. For x ∈ B2ρ and r > 0 such that Br(x) ⊂ B2ρ , we fix a function 
η ∈ C∞

0 (Br(x)) so that 0 ≤ η ≤ 1, η ≡ 1 on Br/2(x) and |Dαη| � r−|α| for all α with |α| ≤
m̄ := maxi mi . Taking ϕi = (wi − Pi)η

2m̄ ∈ W
mi,2
0 (�) as a test function, we then have, from 

Definition 1.1,

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

ˆ

Br(x)

a
αβ
ij (y)DβwjDα[(wi − Pi)η

2m̄]dy = 0.

Since deg Pi ≤ mi − 1 and |Dαη| � r−|α| for all α with |α| ≤ m̄, the identity above together with 
(2), (3), the product rule and Hölder’s inequality implies that
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N∑
i=1

ˆ

Br(x)

|ηm̄Dmi wi |2dy

�
N∑

i,j=1

∑
γ<α

∑
|β|=mj

( ˆ

Br (x)

|ηm̄Dβwj |2dy
)1/2( ˆ

Br(x)

|η2m̄−mi+|γ |Dα−γ ηDγ (wi − Pi)|2dy
)1/2

�
N∑

i,j=1

∑
γ<α

∑
|β|=mj

r−mi+|γ |( ˆ

Br (x)

|ηm̄Dβwj |2dy
)1/2( ˆ

Br (x)

|Dγ (wi − Pi)|2dy
)1/2

.

We now apply Lemma 3.2 (ii) to conclude that

N∑
i=1

ˆ

Br (x)

|ηm̄Dmi wi |2dy

�
N∑

i,j=1

∑
|γ |=mi−1

∑
|β|=mj

r−1
( ˆ

Br (x)

|ηm̄Dβwj |2dy
)1/2( ˆ

Br (x)

|Dγ (wi − Pi)|2dy
)1/2

.

This implies

N∑
i=1

ˆ

Br(x)

|ηm̄Dmi wi |2dy �
N∑

i=1

∑
|γ |=mi−1

r−2
ˆ

Br(x)

|Dγ (wi − Pi)|2dy,

and hence,

ˆ

Br/2(x)

|Dmw|2dy �
N∑

i=1

∑
|γ |=mi−1

r−2
ˆ

Br(x)

|Dγ (wi − Pi)|2dy.

Using Sobolev’s embedding Theorem, we obtain(  

Br/2(x)

|Dmw|2dy
)1/2

�
∑

|γ |=mi−1

(  

Br (x)

|Dγ (w − P)| 2n
n+2 dy

) n+2
2n +

(  

Br (x)

|Dmw| 2n
n+2 dy

) n+2
2n

.

Applying Lemma 3.2 again, we can dominate the first term on the right hand side by∑
|γ |=mi−1

(  

Br (x)

|Dγ (w − P)| 2n
n+2 dy

) n+2
2n � r

(  

Br (x)

|Dmw| 2n
n+2 dy

) n+2
2n

�
(  

Br(x)

|Dmw| 2n
n+2 dy

) n+2
2n

,

where in the last inequality we used the fact that 0 < r < 8.
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Therefore,

(  

Br/2(x)

|Dmw|2dy
)1/2

�
(  

Br(x)

|Dmw| 2n
n+2 dy

) n+2
2n

.

This along with Proposition 1.1 in [11, Chapter V] deduces the desired estimate. �
Let w ∈ Wm,2(B2ρ, RN) be a weak solution to the problem (12). We consider the following 

problem: {
Dα(a

αβ
ij Bρ

Dβvj ) = 0 in Bρ,

|vi − wi | + . . . + |Dmi−1(vi − wi)| = 0 on ∂Bρ,
(14)

for all i = 1, . . . , N .

Proposition 3.3. Let v be a weak solution to the problem (14). Then we have

‖ |Dmv| ‖L∞(Bρ/2) �
( 
Bρ

|Dmv|2
)1/2

, (15)

and there exists ε1 > 0 such that( 
Bρ

|Dm(v − w)|2
)1/2

� δε1
(  
B2ρ

|Dmw|2
)1/2

. (16)

Proof. We first prove (15). Let P = (Pi) be polynomials associated to the weak solution v in the 
ball Bρ as in Lemma 3.2. Then, v − P is a weak solution to the problem

Dα(a
αβ
ij Bρ

Dβvj ) = 0 in Bρ.

From the inequality (3.21) in [13, p. 121], we get that

sup
Bρ/2

|Dmj (vj − Pj )| �
N∑

i=1

∑
|γ |≤mi−1

ρ−mi+|γ |( 
Bρ

|Dγ (vi − Pi)|2
)1/2

,

or equivalently,

sup
Bρ/2

|Dmj vj | �
N∑

i=1

∑
|γ |≤mi−1

ρ−mi+|γ |( 
Bρ

|Dγ (vi − Pi)|2
)1/2

.

At this stage, using Poincaré inequality in Lemma 3.2, we obtain
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sup
Bρ/2

|Dmj vj | �
( 
Bρ

|Dmv|2
)1/2

.

This proves (15).
We now take care of (16). From (3), we have

 

Bρ

|Dm(v − w)|2 �
N∑

i,j=1

∑
|α|=mi

∑
|β|=mj

 

Bρ

a
αβ
ij Bρ

Dα(vi − wi)Dβ(vj − wj).

On the other hand, since v − w ∈ W
m,2
0 (Bρ), from the definition of the weak solution to the 

problem (12) and (14) we get that

ˆ

Bρ

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij Bρ

DαviDβ(vj − wj)

=
ˆ

Bρ

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij (x)DαwiD

β(vj − wj) = 0.

This along with the inequality above implies

 

Bρ

|Dm(v − w)|2 �
N∑

i,j=1

∑
|α|=mi

∑
|β|=mj

 

Bρ

(
a

αβ
ij (x) − a

αβ
ij Bρ

)
DαwiD

β(vj − wj).

Applying Hölder’s inequality and Proposition 3.1, we get that

 

Bρ

|Dm(v − w)|2 �
N∑

i,j=1

∑
|α|=mi

∑
|β|=mj

( 
B2

|Dβ(vj − wj)|2
)1/2

×
( 
Bρ

|Dαwi |2+ε0
) 1

2+ε0
( 
Bρ

∣∣∣∣aαβ
ij (x) − a

αβ
ij Bρ

∣∣∣∣
2(2+ε0)

ε0
) ε0

2(2+ε0)

�
N∑

i,j=1

∑
|α|=mi

∑
|β|=mj

δε1
( 
Bρ

|Dβ(vj − wj)|2
)1/2(  

B2ρ

|Dmw|2
) 1

2
,

This yields that

( 
Bρ

|Dm(v − w)|2
) 1

2 � δε1
(  
B2ρ

|Dmw|2
) 1

2
. �
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Proposition 3.4. For every ε > 0, there exists δ such that the following holds. If u ∈
W

m,2
0 (�, RN) is a weak solution to the system (1) with

 

B2ρ

|Dmu|2 < 1, (17)

and

 

B2ρ

|f|2 < δ2, (18)

then there exists v ∈ Wm,∞(Bρ/2, RN) such that

‖ |Dmv| ‖L∞(Bρ/2) ≤ c0, (19)

and

 

Bρ/2

|Dm(u − v)|2 ≤ ε. (20)

Proof. Let w, v be solutions to the problems (12) and (14), respectively. Then we have, by (15)
and (16),

‖ |Dmv| ‖L∞(Bρ/2)

�
(  
B2ρ

|Dmv|2
)1/2

�
(  
B2ρ

|Dmu|2
)1/2 +

(  
B2ρ

|Dm(u − w)|2
)1/2 +

(  
B2ρ

|Dm(w − v)|2
)1/2

�
(  
B2ρ

|Dmu|2
)1/2 +

(  
B2ρ

|Dm(u − w)|2
)1/2 +

(  
B2ρ

|Dmw|2
)1/2

�
(  
B2ρ

|Dmu|2
)1/2 +

(  
B2ρ

|Dm(u − w)|2
)1/2

. (21)

On the other hand, observe that u − w solves the following problem{
Dα(a

αβ
ij (x)Dβ(uj − wj)) = Dαf α

i in B2ρ,

|ui − wi | + . . . + |Dmi−1(ui − wi)| = 0 on ∂B2ρ,

for all i = 1, . . . , N .
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By Proposition 1.2, one gets that

(  
B2ρ

|Dm(u − w)|2
)1/2

�
(  
B2ρ

|f|2
)1/2

. (22)

Taking this, (21), (18) and (17) into account, we can dominate ‖Dmv‖L∞(B1) by

‖ |Dmv| ‖L∞(Bρ/2) �
[(  

B2ρ

|Dmu|2
)1/2 +

(  
B2ρ

|f|2
)1/2]

� (1 + δ).

We now move on to prove (20). Note that

 

Bρ/2

|Dm(u − v)|2 �
 

Bρ/2

|Dm(u − w)|2 +
 

Bρ/2

|Dm(w − v)|2.

This estimate, in combination with (22) and (16), implies that

(  

Bρ/2

|Dm(u − v)|2
)1/2

� δε1
(  
B2ρ

|Dmw|2
)1/2 +

(  
B2ρ

|f|2
)1/2

.

Observe from (21) and (22) that

(  
B2ρ

|Dmw|2
)1/2

�
[(  

B2ρ

|Dmu|2
)1/2 +

(  
B2ρ

|f|2
)1/2]

� (1 + δ).

From these two estimates, we conclude that

 

Bρ/2

|Dm(u − v)|2 � δε1(1 + δ) + δ.

This completes the proof. �
3.2. Boundary estimates

We now localize our interest to consider the following case:

B+
5 ⊂ �5 ⊂ {x ∈ B5 : xn > −12δ}. (23)

Let u ∈ W
m,2
0 (�, RN) be a weak solution to the system (1). We now consider the following 

Dirichlet problem:
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{
Dα(a

αβ
ij (x)Dβwj ) = 0 in �5,

|ui − wi | + . . . + |Dmi−1(ui − wi)| = 0 on ∂�5,
(24)

for all i = 1, . . . , N .

Proposition 3.5. Let w ∈ Wm,2(�5, RN) be a weak solution to (24). Then there exists ε0 > 0
(without loss of generality, we may assume the same ε0 as in Proposition 3.1) such that

(ˆ
�4

|Dmw|2+ε0dx
) 1

2+ε0 �
(ˆ
�5

|Dmw|2dx
) 1

2
. (25)

Proof. Let w̄ be a zero extension of w from �4 to B4. By Proposition 1.1 in [11, Chapter V], it 
suffices to prove that for y ∈ �4 and 0 < r < 4,

(  

�4r/5(y)

|Dmw|2dx
)1/2

�
(  

Br(y)

|Dmw| 2n
n+2 dx

) n+2
2n

. (26)

Indeed, if B5r/6(y) ⊂ �5 then arguing similarly to Proposition 3.1 we obtain

(  

�4r/5(y)

|Dmw|2dx
)1/2

�
(  

B5r/6(y)

|Dmw| 2n
n+2 dx

) n+2
2n

.

Moreover, (26) follows immediately if B5r/6(y) ⊂ �c
5.

It remains to prove (26) in the case B5r/6(y) ∩ �c
5 �= ∅. To do this, we fix a function η ∈

C∞
0 (Br(y)) so that 0 ≤ η ≤ 1, η ≡ 1 on B4r/5(y) and |Dαη| � r−|α| for all α with |α| ≤ m̄ :=

maxi mi . Taking ϕ = wη2m̄ ∈ W
m,2
0 (�, RN) as a test function, and then arguing similarly to 

Proposition 3.1, we obtain that

(  

�4r/5(y)

|Dmw|2dx
)1/2

�
N∑

j=1

∑
|γ |≤mj −1

r−mj +|γ |(  

Br(y)

|Dγ wj |2dx
) 1

2
.

This together with the Poincaré inequality near the boundary (see for example [1, Corol-
lary 8.2.7]) yields

(  

�4r/5(y)

|Dmw|2dx
)1/2

�
N∑

j=1

∑
|γ |=mj −1

r−1
(  

Br (y)

|Dγ wj |2dx
) 1

2
.

Applying Sobolev’s embedding Theorem, we can conclude that

(  

� (y)

|Dmw|2dx
)1/2

�
N∑

j=1

∑
|γ |=mj −1

(  

B (y)

|Dγ wj | 2n
n+2 dx

) n+2
2n +

(  

B (y)

|Dmw| 2n
n+2 dx

) n+2
2n

.

4r/5 r r
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Applying Poincaré inequality again for the first term on the right hand side of the inequality 
above, we get (26) as desired. �

Let w be a weak solution to the problem (24). We next consider the following system:{
Dα(a

αβ
ij B4

Dβhj ) = 0 in �4,

|hi − wi | + . . . + |Dmi−1(hi − wi)| = 0 on ∂�4,
(27)

for all i = 1, . . . , N .
Similarly to the proof of Proposition 3.3, we also obtain the following estimate.

Proposition 3.6. Let h be a weak solution to the problem (27). Then there exists ε1 > 0 (without 
loss of generality, we may assume the same ε1 as in Proposition 3.3) such that( 

�4

|Dm(h − w)|2
)1/2

� δε1
( 
�5

|Dmw|2
)1/2

. (28)

The main difference between Proposition 3.6 and Proposition 3.3 is that in Proposition 3.6
we could not expect the L∞ norm of Dmh to be bounded up to the boundary of � due to the 
irregularity of the underlying domain �. To overcome this trouble, we consider another problem{

Dα(a
αβ
ij B4

Dβhj ) = 0 in �4,

|hi | + . . . + |Dmi−1hi | = 0 on ∂w�4,
(29)

for i = 1, . . . , N , and its limited problem{
Dα(a

αβ
ij B4

Dβvj ) = 0 in B+
4 ,

|vi | + . . . + |Dmi−1vi | = 0 on T4,
(30)

for i = 1, . . . , N

Definition 3.7. (a) A function h = (h1, . . . , hN) ∈ Wm,2
(
�4,R

N
)

is said to be a weak solution 
to the problem (29) if

ˆ

�

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

DβhjDαϕidx = 0,

for all ϕ ∈ W
m,2
0 (�4, RN) and the zero extension h̄ of h from �4 to B4 is in Wm,2(B4, RN).

(b) A function v = (v1, . . . , vN) ∈ Wm,2
(
B+

4 ,RN
)

is said to be a weak solution to the prob-
lem (30) if

ˆ

�

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

DβvjDαϕidx = 0,

for all ϕ ∈ W
m,2

(B+, RN) and the zero extension v̄ of h from B+ to B4 is in Wm,2(B4, RN).
0 4 4
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Note that if h solves the system (27), then h also solves the system (29).
We then prove the following result.

Proposition 3.8. For every ε > 0, there exists δ such that the following holds. If h is a weak 
solution to the problem (29) along with (23) and

 

�4

|Dmh|2 � 1, (31)

then there exists v ∈ Wm,∞(B+
2 , RN) ∩ Wm,2

(
B+

4 ,RN
)

solving the problem (30) with

 

B+
2

|Dmv|2 � 1 (32)

such that
 

�2

|Dm(h − v̄)|2 ≤ ε, (33)

where v̄ is the zero extension of v to B4.

Proof. We will argue by contradiction as in [2]. Assume, to the contrary, that there exist an 
ε > 0, a sequence of domains {�k}, and a sequence of functions {hk} ⊂ Wm,2(�k, RN) such that

B+
5 ⊂ �k

5 ⊂ {x ∈ B5 : xn > −12

k
}, (34){

Dα(a
αβ
ij B4

Dβh
j
k) = 0 in �k

4,

|hi
k| + . . . + |Dmi−1hi

k| = 0 on ∂w�k
4,

(35)

for i = 1, . . . , N , and

 

�k
4

|Dmhk|2 � 1. (36)

But, we have

 

�2

|Dγ (hk − v̄)|2 > ε, (37)

where v is a weak solution to the following problem and v̄ is its zero extension to B4{
Dα(a

αβ
ij B4

Dβvj ) = 0 in B+
4 ,

|vi | + . . . + |Dmi−1vi | = 0 on T ,
(38)
4
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for i = 1, . . . , N , with

 

B+
2

|Dmv|2 � 1 (39)

From (36) and Poincaré inequality, it follows that there exist h0 ∈ Wm,2(B+
4 , RN), and a subse-

quence, which will still be denoted by {hk}, so that for each j = 1, . . . , N ,

Dih
j
k → Dih

j

0 in L2(B+
4 ), i = 0, . . . ,mj − 1,

and

Dmj h
j
k → Dmj h

j

0 weakly in L2(B+
4 ).

Therefore, this and (36) imply that

 

B+
4

|Dmh0|2 � 1.

Moreover, from (35), we have

ˆ

B+
4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh
j
kD

αϕidx = 0,

for all ϕ ∈ W
m,2
0 (B+

4 , RN).
Passing to the limit k → ∞, we get that

ˆ

B+
4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh
j

0D
αϕidx = 0, (40)

for all ϕ ∈ W
m,2
0 (B+

4 , RN).
We will prove that

Dih
j

0 = 0 on T4,

for all i = 0, . . . , mj − 1 and all j = 1, . . . , N . Indeed, we adapt the method of Browder and 
Minty used for the second order-elliptic equations in [2, p. 1301] to our situation. For every j =
1, . . . , N , and every multi-index |γ | ≤ mj − 1, we fix any small θ > 0 and take x′ ∈ T4. We set 
sk = min{s : (x′, θ −s) ∈ ∂�k

4} for each k ∈N. Then, 0 < sk < θ +12/k and Dih
j
k(x

′, θ −sk) = 0

for all k ∈ N. Without loss of generality, we may assume that Dγ h
j
k ∈ [C1(B4)]n (hj

k = 0 in 
B4\�k). Then we have
4
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|Dγ h
j
k(x

′, θ)| = |Dγ h
j
k(x

′, θ) − Dγ h
j
k(x

′, θ − sk)| = sk

∣∣∣ 1ˆ

0

∂

∂xn

Dγ h
j
k(x

′, θ − (1 − s)sk)ds

∣∣∣
≤ (θ + 12/k)

1ˆ

0

|D|γ |+1h
j
k(x

′, θ − (1 − s)sk)|ds.

Hence,

|Dγ h
j
k(x

′, θ)|2 ≤ (θ + 12/k)2

1ˆ

0

|D|γ |+1h
j
k(x

′, θ − (1 − s)sk)|2ds.

Integrating this over T4 and using Poincaré inequality, we find that

ˆ

T4

|Dγ h
j
k(x

′, θ)|2dx′ ≤ (θ + 12/k)2
ˆ

T4

1ˆ

0

|D|γ |+1h
j
k(x

′, θ − (1 − s)sk)|2dsdx′

≤ (θ + 12/k)2
ˆ

B4

|D|γ |+1h
j
k |2dx

≤ C(θ + 12/k)2
ˆ

B4

|Dmj h
j
k |2dx

≤ C(θ + 12/k)2.

Letting k → ∞ and θ → 0, we get that

ˆ

T4

|Dγ h
j

0(x
′,0)|2dx′ = 0,

for all j = 1, . . . , N and |γ | ≤ mj − 1.
Therefore,

Dih
j

0 = 0 on T4,

for all i = 0, . . . , mj − 1 and all j = 1, . . . , N .
Gathering this with (40) we conclude that h0 is a weak solution to the problem (30).
Let h̄k , h̄0 be zero extensions of hk , h0 to B4, respectively. The argument above show that 

there exist H0 ∈ Wm,2(B4, RN), and a subsequence, which will still be denoted by {h̄k}, so that 
for each j = 1, . . . , N ,

Dih̄
j
k → DiH

j

0 in L2(B4), i = 0, . . . ,mj − 1,

and
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Dmj h̄
j
k → Dmj H

j

0 weakly in L2(B4).

This together with (34) implies H0 = 0 on B4 ∩ {xn < 0}. As a consequence, h̄0 ≡ H0 in B4. 
Hence, for each j = 1, . . . , N ,

Dih̄
j
k → Dih̄

j

0 in L2(B4), i = 0, . . . ,mj − 1, (41)

and

Dmj h̄
j
k → Dmj h̄

j

0 weakly in L2(B4). (42)

We now claim that

Dmh̄k → Dmh̄0 in L2(B2).

Indeed, take φ ∈ C∞
0 (B4) so that 0 ≤ φ ≤ 1, φ = 1 in B2, and |Dαφ| � 1 for all |α| ≤ m̄ :=

maxi mi . Fix i ∈ {1, . . . , N}. Define the test functions ϕk = φ2m̄(h̄k − h̄0) ∈ W
m,2
0 (�k

4, R
N) for 

every k ∈ N+. We then have, by (3),

ˆ

B2

N∑
i=1

∑
|α|=mi

|Dβ(h̄
j
k − h̄

j

0)|2dx

�
ˆ

B4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβ(h̄
j
k − h̄

j

0)D
α(h̄

j
k − h̄

j

0)φ
2m̄dx

=
ˆ

B4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh̄
j
kD

α(h̄
j
k − h̄

j

0)φ
2m̄dx

−
ˆ

B4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh̄
j

0D
α(h̄

j
k − h̄

j

0)φ
2m̄dx

:= I1(k) + I2(k).

(43)

Due to (42), we have I2(k) → 0 as k → ∞.
We now take care of I1(k). To do this, we write

I1(k) =
ˆ

�k
4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh̄
j
kD

α[φ2m̄(h̄i
k − h̄i

0)]dx

−
∑

|γ |+|η|=mi,|γ |<mi

α!
γ !η!

ˆ

B4

N∑
i,j=1

∑
|α|=mi

∑
|β|=mj

a
αβ
ij B4

Dβh̄
j
kD

γ (h̄
j
k − h̄

j

0)D
ηφ2m̄dx

:= I11(k) + I12(k).

Since φ2m̄(h̄k − h̄0) ∈ W
m,2

(�k, RN), I11(k) = 0.
0 4
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Using Hölder’s inequality, (2) and (36), we have

|I12(k)| �
(ˆ

B4

|Dmh̄k|2dx
) 1

2
( N∑

j=1

∑
|γ |≤mj −1

ˆ

B4

|Dγ (h̄
j
k − h̄

j

0)|2dx
) 1

2

�
( N∑

j=1

∑
|γ |≤mj −1

ˆ

B4

|Dγ (h̄
j
k − h̄

j

0)|2dx
) 1

2
.

This, in combination with (42), yields I12(k) → 0 as k → ∞. From the estimates of I11(k), 
I12(k), I2(k) and (43), we imply that

Dmh̄k → Dmh̄0 in L2(B2)

This contradicts (37) by taking v = h0 and k to be sufficiently large. �
Proposition 3.9. For every ε > 0, there exists δ such that the following holds. If u ∈
W

m,2
0 (�, RN) is a weak solution to the system (1) with

 

�5

|Dmu|2 < 1, (44)

and

 

�5

|f|2 < δ2, (45)

then there exists v ∈ Wm,∞(B+
2 , RN) ∩ Wm,2

(
B+

4 ,RN
)

solving (30) such that

sup
B+

1

|Dmv| ≤ c0, (46)

and

 

�2

|Dm(u − v̄)|2 ≤ ε, (47)

where v̄ is a zero extension of v to �4.

Proof. Let w, h be weak solutions to the problems (24) and (27), respectively. We then have, by 
Proposition 3.6,

 
|Dmh|2 �

 
|Dm(h − w)|2 +

 
|Dm(w − u)|2 +

 
|Dmu|2
�4 �4 �4 �4
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� δ2ε1

 

�5

|Dmw|2 +
 

�5

|Dm(w − u)|2 +
 

�5

|Dmu|2

�
 

�5

|Dm(w − u)|2 +
 

�5

|Dmu|2,

provided that δ is sufficiently small (δ < 1 is enough).
Similarly to (22), we have

 

�5

|Dm(w − u)|2 �
 

�5

|f|2. (48)

As a consequence,

 

�4

|Dmh|2 �
 

�4

|Dmu|2 +
 

�4

|f|2 � 1. (49)

Hence, by Proposition 3.8, there exists v ∈ Wm,∞(B+
2 , RN) ∩ Wm,2(B+

4 , RN) solving the prob-
lem (30) with

 

B+
2

|Dmv|2 � 1 (50)

such that

 

�2

|Dm(h − v̄)|2 ≤ ε̃. (51)

Similarly to the inequality (3.21) in [13, p. 121], we can prove that

‖ |Dmv| ‖L∞(B+
1 ) �

N∑
i=1

∑
|γ |≤mi−1

ρ−mi+|γ |( 
B2

|Dγ v̄|2
)1/2

.

Then applying the Poincaré inequality, we obtain that

‖ |Dmv| ‖L∞(B+
1 ) �

(  
B+

2

|Dmv|2
)1/2

� 1.

In order to obtain the desired estimate (47), using Proposition 3.6, (48) and (51) we arrive at
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ˆ

�2

|Dm(u − v)|2 �
ˆ

�2

|Dm(h − v)|2 +
ˆ

�2

|Dm(h − w)|2 +
ˆ

�1

|Dm(w − u)|2

� δε1

ˆ

�5

|w|2 +
ˆ

�5

|f|2 + ε̃

� δε1

⎛⎜⎝ˆ
�5

|w − u|2 +
ˆ

�5

|u|2
⎞⎟⎠+

ˆ

�5

|f|2 + ε̃

� δε1 (δ + 1) + δ + ε̃.

This completes our proof. �
4. Regularity estimates

This section is devoted to prove Theorem 2.7 and Theorem 2.8.
We need the following technical results.

Proposition 4.1. For w ∈ A∞, there exists a positive constant λ0 > 0 so that the following holds 
true. For any ε > 0 there exists δ such that if � is a (δ, 8) Reifenberg flat domain, the coefficients 
{aαβ

ij } satisfy (2), (3) and the small (δ, 8)-BMO condition (7), and u ∈ W
m,2
0 (�, RN) is a weak 

solution to the system (1), and if, for some y ∈ �,

w
[
B1/10(y) ∩ {x : M2(|Dmu|)(x) > λ0}

]≥ εw(B1/10(y)), (52)

then

�1/10(y) ⊂ {x ∈ � :M2(|Dmu|)(x) > 1} ∪ {x ∈ � :M2(|f|χ�)(x) > δ}. (53)

Proof. By Lemmas 2.5, it suffices to prove this proposition for the unweighted case w ≡ 1. To 
do this we argue by contradiction. Assume that

|B1/10(y) ∩ {x :M2(|Dmu|)(x) > λ0}| ≥ ε|B1/10(y)|, (54)

but there is x0 ∈ �1/10(y) so that x0 /∈ {x ∈ � : M2(|Dmu|)(x) > 1} ∪ {x ∈ � :
M2(|f|χ�)(x) > δ}. Hence, for any r > 0 we have

 

Br(x0)

|Dmu|2 ≤ 1, and
 

Br(x0)

|fχ�|2 ≤ δ2. (55)

Observe that for any x ∈ B1/10(y) we have

M2(|Dmu|)(x) ≤ max
{
M2(|Dmu|χB1/5(y))(x),3n

}
. (56)

We now consider the following 2 cases: B2/5(y) ∩ �c �= ∅ and B2/5(y) ⊂ �.
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Case 1: B2/5(y) ∩ �c �= ∅.
Fix some y0 ∈ ∂� ∩ B2/5(y). It is easy to see that

B1/5(y) ⊂ B1(y0) ⊂ B20(y0) ⊂ B40(x0).

This together with (54) implies that

 

B20(y0)

|Dmu|2 ≤ 2n, and
 

B20(y0)

|fχ�|2 ≤ 2nδ2. (57)

Moreover, from the definition of the (δ, R) Reifenberg flat domain, it can be seen that there 
exists a coordinate system, whose variables are denoted by z = (z1, . . . , zn) with the origin at 
some interior point of � such that in this new coordinate system y0 = (0, . . . , 0, −6δ) and

B+
5 ⊂ � ∩ B5 ⊂ B5 ∩ {z : zn > −12δ}. (58)

For δ < 1, it is obviously that in this coordinate system, we have B5 ⊂ B20(y0). Taking this, (57)
and (58) into account and applying Proposition 3.9, we can find a function v ∈ Wm,∞(B2, RN)

so that

‖ |Dmv| ‖L∞(B1/5(y)) ≤ ‖ |Dmv| ‖L∞(B1) ≤ C1,

and
 

B1/5(y))

|Dm(u − v)|2 dx ≤ C

 

B1

|Dm(u − v)|2 dx ≤ ε̃,

where ̃ε is a positive small constant which will be fixed later.
On the other hand, by (54) we have

M2(|Dmu|)(x) ≤ M2(|Dmv|χB1/5(y))(x) +M2(|Dm(u − v)|χB1/5(y))(x).

By choosing λ0 = 2(C1 + 3n), we obtain that

{x ∈ B1/10(y) : M2(|Dmu|)(x) > λ0} ≤ {x ∈ B1/10(y) : M2(|Dm(u − v)|χB1/5(y))(x) > λ0/2}

≤ C

λ2
0

ˆ

Q1/5(y)

|Dm(u − v)|2 dx

≤ C3ε̃|Q1/10(y)|.
We now choose δ so that C3̃ε < ε. Hence,

{x ∈ B1/10(y) : M2(|∇u|)(x) > λ0} ≤ ε|B1/10(y)|,

which is a contradiction. This completes our proof of this case.
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Case 2: B2/5(y) ⊂ �.
In this situation, we can repeat the argument above in which we make use of Proposition 3.4

instead of Proposition 3.9. We omit details here. �
By using the rescaling-argument, we have the following result.

Proposition 4.2. For w ∈ A∞, there exist a positive constant λ0 > 0 so that the following holds 
true. For any ε > 0 there exists δ such that if � is a (δ, R) Reifenberg flat domain, the coefficients 
{aαβ

ij } satisfy (2), (3) and the small (δ, R)-BMO condition (7), and u ∈ W
m,2
0 (�, RN) is a weak 

solution to the system (1), and if, for some Br(y), y ∈ � and r < R/60,

w
[
Br(y) ∩ {x : M2(|Dmu|)(x) > λ0}

]≥ εw(Br(y)), (59)

then

�r(y) ⊂ {x :M2(|Dmu|)(x) > 1} ∪ {x :M2(|f|χ�)(x) > δ}. (60)

Proof. Consider the re-scaled functions:

ũi (x) = ui(rx + y)

rmi
, ã

αβ
ij (x) = a

αβ
ij (rx + y), f̃ α

i (x) = f α
i (rx + y),

for all i = 1, . . . , N and multi-indices α with |α| = mi . We set �̃ = { x−y
r

: x ∈ �}. Then we 
can check that �̄ is a (δ, 8) Reifenberg flat domain. At this stage, applying Proposition 4.1 to 
the system (1) with ũ, f̃ α

i , ãαβ
ij and the domain �̃ replacing u, f α

i , aαβ
ij and the domain �, 

respectively, we finish the proof. �
We are ready to give the proof of the main results.

Proof of Theorem 2.7. We first prove that if |f| ∈ L
p,q
w (�) then |f| ∈ L2(�) with p ∈ (2, ∞), 

0 < q ≤ ∞ and w ∈ Ap/2. Indeed, from the definition of the weighted spaces Lp,q
w (�), we have, 

for 2 < p < ∞, 0 < q ≤ ∞, w ∈ A∞,

Lp,q
w (�) ⊂ Lp,∞

w (�) ⊂ Lp−σ
w (�), for all σ > 0 with p − σ > 1. (61)

Since w ∈ Ap/2, there exists σ > 0 such that w ∈ Ap−σ
2

. See for example [10]. From this and 

(61), it suffices to prove that Ls
w(�) ⊂ L2(�) with s > 2 and w ∈ As/2. This follows from the 

following chain of inequalities(ˆ
�

|g(x)|2dx
)1/2 =

(ˆ
�

|g(x)|2w2/s(x)w−2/s(x)
)1/2

≤
(ˆ

�

|g(x)|sw(x)dx
)1/s(ˆ

�

w(x)−
2

s−2 dx
) s−2

2s

≤ ‖g‖Ls
w(�)[w]1/s

As/2

(w(�)

|�|
)−1/s

,

where in the second step we used Hölder’s inequality.
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We now turn to the proof of the theorem. Let δ, ε and λ0 be as in Proposition 4.2. For K > 0, 
we define uK = u

K
and fK = f

K
. We set

E = {x ∈ � : M2(|DmuK |)(x) > λ0}
and

F = {x ∈ � :M2(|DmuK |)(x) > 1} ∪ {x ∈ � :M2(|fK |)(x) > δ}.
By (5), we have

|E| ≤ c

λ2
0

ˆ

�

|DmuK |2 = c

(Kλ0)2

ˆ

�

|Dmu|2

≤ A1

(Kλ0)2

ˆ

�

|f|2.

Let B0 be a fixed ball so that � ⊂ B0. For a fixed r = R/60, from Lemma 2.5, there exists a 
constant A2 so that

w(�) ≤ w(B0) ≤ w(2B0) ≤ A2w(Br(y)), (62)

for all y ∈ �.

Taking K =
[

A1
ε̄|B0|λ2

0

´
�

|f|2
]1/2

, where ε̄ is a constant will be fixed later, then we have

|E| ≤ ε̄|B0|.
This, in combination with Lemma 2.5 and (62), implies that

w(E) ≤ A3ε̄
κww(B0) ≤ A2A3ε̄

κww(Br(y)), ∀y ∈ �,

for some constant A3 > 0.
Taking ε̄ so that A2A3ε̄

κw < ε, we get that

w(E) ≤ εw(Br(y)), ∀y ∈ �,

which satisfies the condition (a) in Lemma 2.9. The condition (b) in Lemma 2.9 follows imme-
diately from Proposition 4.2. Hence, applying Proposition 4.2 iteratively, we get that following 
estimate:

w
(
{x ∈ � :M2(|DmuK |)(x) > λk

0}
)q/p

≤ ε
qk/p

1 w
(
{x ∈ � : M2(|DmuK |)(x) > 1}

)q/p

+
k∑

�=1

ε
q�/p

1 w
(
{x ∈ � :M2(|fK |)(x) > δλk−�

0 }
)q/p

,

for k = 1, 2, . . ., where ε1 = c(n, w)ε.
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Hence, we have

∞∑
k=1

λ
kq

0 w
(
{x ∈ � : M2(|DmuK |)(x) > λk

0}
)q/p

≤
∞∑

k=1

ε
qk/p

1 λ
kq

0 w
(
{x ∈ � :M2(|DmuK |)(x) > 1}

)q/p

+
∞∑

k=1

λ
kq

0

k∑
�=1

ε
q�/p

1 w
(
{x ∈ � : M2(|fK |)(x) > δλk−�

0 }
)q/p

.

Taking ε small enough so that ε1λ
p

0 < 1 and then applying Lemma 2.10, we get that

‖M2(|DmuK |)‖L
p,q
w (�) � ‖fK‖L

p,q
w (�) + w(�)1/p.

This together with Lemma 2.6 yields

‖|DmuK |‖L
p,q
w (�) � ‖fK‖L

p,q
w (�) + w(�)1/p.

This implies

‖|Dmu|‖L
p,q
w (�) � ‖f‖L

p,q
w (�) + Kw(�)1/p.

On the other hand, we have

K =
⎡⎣ A1

ε̄|B0|λ2
0

ˆ

�

|f|2
⎤⎦1/2

�
( 

B0

|fχ�|2
)1/2

� inf
x∈�

M2(|fχ�|)(x).

Hence, for σ > 0 such that w ∈ Ap−σ
2

, we have

‖|Dmu|‖L
p,q
w (�) � ‖f‖L

p,q
w (�) + w(�)1/p inf

x∈�
M2(|fχ�|)(x)

� ‖f‖L
p,q
w (�) + w(�)

1
p−σ inf

x∈�
M2(|fχ�|)(x)

� ‖f‖L
p,q
w (�) + ‖M2(|fχ�|)‖

L
p−σ
w

� ‖f‖L
p,q
w (�) + ‖|f|‖

L
p−σ
w (�)

� ‖f‖L
p,q
w (�),

where in the last inequality we used (61). This completes the proof. �
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We now give the proof of Theorem 2.8.

Proof of Theorem 2.8. Fix x0 ∈ � and r > 0. According to Proposition 2 in [6] that for any 
σ ∈ (0, 1), (M(χBr (x0)))

σ ∈ A1.
Choose σ ∈ (λ/n, 1). Then for p ∈ (2, ∞), we have

(M(χBr (x0)))
σ ∈ A1 ⊂ Ap/2.

Hence, Theorem 2.7 tells us that there exists δ so that∥∥ |Dmu|∥∥
L

p,q
w (�)

� ‖ |f| ‖L
p,q
w (�) , w(x) = (M(χBr (x0))(x))σ . (63)

We now set

Sk(Br(x0)) =
{

B2kr (x0)\B2k−1r (x0), k ≥ 1,

Br(x0), k = 0.

We now consider two cases:
Case 1: q/p ≥ 1.
We have

‖|Dmu|‖p

Lp,q (�∩Br (x0))
=

⎧⎪⎨⎪⎩p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�∩Br(x0):|Dmu(x)|>t}
dx

⎤⎥⎦
q/p

dt

t

⎫⎪⎬⎪⎭
p/q

=

⎧⎪⎨⎪⎩p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�:|Dmu(x)|>t}
χBr(x0)dx

⎤⎥⎦
q/p

dt

t

⎫⎪⎬⎪⎭
1/q

≤

⎧⎪⎨⎪⎩p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�:|Dmu(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t

⎫⎪⎬⎪⎭
p/q

.

This, in combination with (63), gives

‖|Dmu|‖p

Lp,q (�∩Br (x0))

≤

⎧⎪⎨⎪⎩p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�:|f(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t

⎫⎪⎬⎪⎭
p/q

≤
∞∑

k=0

⎧⎪⎨⎪⎩p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�∩Sk(Br (x0)):|f(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t

⎫⎪⎬⎪⎭
p/q

. (64)
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A simple calculation shows that

(M(χBr (x0))(x))σ ≤
{

1, x ∈ S0(Br(x0))

2−σn(k−1), x ∈ Sk(Br(x0)), k ≥ 1.
(65)

Inserting this into (64), we obtain

‖|Dmu|‖p

Lp,q (�∩Br(x0))

≤
⎧⎨⎩p

∞̂

0

(
tp|{x ∈ � ∩ Br(x0) : |f(x)| > t}|)q/p dt

t

⎫⎬⎭
p/q

+
∞∑

k=1

2−σn(k−1)

⎧⎨⎩p

∞̂

0

(
tp|{x ∈ � ∩ B2kr (x0) : |f(x)| > t}|)q/p dt

t

⎫⎬⎭
p/q

.

This implies that

r−λ‖|Dmu|‖p

Lp,q (�∩Br(x0))

≤ r−λ

⎧⎨⎩p

∞̂

0

(
tp|{x ∈ � ∩ Br(x0) : |f(x)| > t}|)q/p dt

t

⎫⎬⎭
p/q

+
∞∑

k=1

2−σn(k−1)r−λ

⎧⎨⎩p

∞̂

0

(
tp|{x ∈ � ∩ B2kr (x0) : |f(x)| > t}|)q/p dt

t

⎫⎬⎭
p/q

≤ ‖|f|‖p

Lp,q;λ(�)
+

∞∑
k=1

2−k(nσ−λ)‖|f|‖p

Lp,q;λ(�)

� ‖|f|‖p

Lp,q;λ(�)
.

Hence

‖|Dmu|‖Lp,q;λ(�) � ‖|f|‖Lp,q;λ(�).

Case 2: q/p < 1.
Using the inequality

( ∞∑
k=0

ak

)s ≤
∞∑

k=0

as
k, for all ak ≥ 0 and 0 < s < 1,

and (63), we then argue similarly to the Case 1 to obtain
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‖|Dmu|‖q

Lp,q (�∩Br (x0))
≤ p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�:|Dmu(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t

≤ p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�:|f(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t

≤
∞∑

k=0

p

∞̂

0

⎡⎢⎣tp
ˆ

{x∈�∩Sk(Br (x0)):|f(x)|>t}
(M(χBr (x0))(x))σ dx

⎤⎥⎦
q/p

dt

t
.

Using (65), we obtain

‖|Dmu|‖q

Lp,q (�∩Br (x0))
≤ p

∞̂

0

(
tp|{x ∈ � ∩ Br(x0) : |f(x)| > t}|)q/p dt

t

+
∞∑

k=1

2−σnq(k−1)/pp

∞̂

0

(
tp|{x ∈ � ∩ B2kr (x0) : |f(x)| > t}|)q/p dt

t
.

This implies that

r
− λq

p ‖|Dmu|‖q

Lp,q (�∩Br (x0))

≤ r
− λq

p p

∞̂

0

(
tp|{x ∈ � ∩ Br(x0) : |f(x)| > t}|)q/p dt

t

+
∞∑

k=1

2−σnq(k−1)/pr
− λq

p p

∞̂

0

(
tp|{x ∈ � ∩ B2kr (x0) : |f(x)| > t}|)q/p dt

t

≤ ‖|f|‖q

Lp,q;λ(�)
+

∞∑
k=1

2−kq(nσ−λ)/p‖|f|‖q

Lp,q;λ(�)

� ‖|f|‖q

Lp,q;λ(�)
.

Hence we obtain

‖|Dmu|‖Lp,q;λ(�) � ‖|f|‖Lp,q;λ(�). �
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