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ABSTRACT. Let G be a locally compact abelian group and let w be a weight
on G. We study the multipliers on the weighted group algebra L1 (G) which is
the Banach space L'(G,w) endowed with a new convolution product *,, which
depends on the weight w. We introduce a time-frequency shift like operators.
We define a Fourier transform and we obtain among other results a convolution
theorem and a Wendel like characterization of the studied multipliers.

1. INTRODUCTION

Multipliers are intensively studied since they are useful for instance in signal pro-
cessing. In fact the concept of multiplier is ubiquitous in mathematics and its
applications. They are extremely linked to pseudodifferential operators. In [J]
the author indicated how pseudodifferential operators and Banach algebras can
be utilized in mobile communications. From a theoretical point of view we refer
to the source [4] for more details about multipliers on commutative Banach alge-
bras.

Here we are interested in the multipliers on a certain large class of Banach alge-
bras that contains the Beurling algebras. The study of multipliers on Beurling
algebras started with the work of Gaudry [3]. Many references about the subject
can be found in [2] where the author studied, among other topics, the multipliers
on the Beurling algebras under the usual convolution product. Some recent pub-
lications about multipliers associated with locally compact groups are [1, 6, 7, &].
In [5] the author defined on the weighted Lebesgue space L (G) a new convolu-
tion product which has the particularity to depend on the weight w. This new
convolution generalizes the usual convolution. A Banach algebra is obtained un-
der this new convolution and the author called it the weighted group algebra. In
this article we denote this algebra by L} (G). The amenability and the represen-
tations of £ (G) had been mainly studied in [5].

Here we are interested in this algebra in another direction. Our main goal is to
characterize the multipliers on this algebra. The main difficulties encountered
come from the fact that the convolution depends on the weight. However the
trigger came when we knew how to define the operators I'J, the analogues of
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time-frequency shifts.

Our work is organized as follows. In the section 2, Beurling spaces and some
results from [5] are recalled. In the section 3, we define the operators I'Y and we
study some of their properties. In the section 4, we define and study the suitable
notion of multiplier in our context. Finally in the section 5, we define a Fourier
transform in £L(G) and we characterize the multipliers in the Fourier/frequency
domain.

2. PRELIMINARIES

Let G be a locally compact abelian group equipped with its Haar measure dzx.
The neutral element of G is denoted by e. A weight on G is a continuous fonction
w: G — (0,00) such that

Ve, y € G, w(zy) < w(x)w(y) and w(e) = 1. (2.1)
Consider the set

LL(G) = {f .G —C, /G|f(x)|w(:p)d:p < oo} . (2.2)

The mapping f — || fl1o = / |f(z)|w(z)dz is a norm on LL(G). On L} (G) one

€]
defines the convolution product

(f * 0)( / I (2.3)

We will often refer to this convolution product as the usual convolution. The
space (LL(G), | - ll1w, *) is a Banach algebra called a Beurling algebra.

In [5] the author introduced a new convolution product on L} (G). The particu-
larity of this convolution product is that it is linked to the weight w. It is defined
by

( Jw(y 'z) 1
— = d L (G 2.4
[ o g /f o(2) y, f.9 € L,(G). (2.4)
When w = 1 one recovers the usual convolution. Therefore results obtained

here are generalizations of known results involving the usual convolution. In
[5], it had been proved that the Banach space L} (G) is a Banach algebra under
the convolution product #*, and it has a bounded approximate identity. In this
article we denote by L. (G) this new Banach algebra. The rest of the paper is
devoted to the study of the multipliers on £ (G) following the path taken in
[3, 2] where multipliers on L. (G) endowed with the usual convolution product
had been studied.

3. THE OPERATORS I'}
For a fixed weight w, consider the operator '}, s € GG, defined by
s T M, f(x
I f(x) = Lol /i2)

3.1
(1) (3.1)
where M, is the multiplication operator defined by



MULTIPLIERS ON WEIGHTED GROUP ALGEBRAS 37

(M. f)(2) = w(z)f(2), f € L,(G) (3.2)

and 7, is the translation operator defined by

(ref)(x) = f(s'2), [ € L(G). (3.3)
Naturally, I' f = f.

Proposition 3.1. The operator I'S is a linear isometry from LL(G) into LL(G).
Proof. The linearity is obvious. Now let f € £1(G). Then

ITs flle = /G T f () eo()
o, w(sTl)
/G\f(S ) (@) lw(x)dx
= /|f(8_1x)|w(s_1x)dx
G
= /|f(93)|w(:r)d:x
G

= [[flhw

0J

Proposition 3.2. If f € LL(G) then the function s — TS f is continuous from
G into LL(G).

Proof. Let C.(G) stands for the set of compact supported continuous functions
on G. It is well-known that C.(G) is dense in £L(G) under the norm | - |1 ..
Therefore we will first show the proposition for g € C.(G) and then deduce the
general case by density.

Let € > 0. Consider g € C.(G) and set C; = supp(g). Pick a compact neigh-
borhood Cy of the neutral element e. Set C' = C; U Cy U (C1Cy). We have for
s € (s,

1159 — glliw = /\F z)|w(x d:v—/]g (s7'2)w(s™'2) — g(x)w(z)|dw.

However gw is uniformly continuous, therefore there exists a neighborhood U of
e, which we may assume to be contained in C5, such that

Vs € U, |(gw)(s™'2) — (gw)(z)] < @

where |C| is the measure of the compact set C. Then for s € U, one has

e|C
029 gl = [ law)s™0)  (gw)(elde < S =
Now let us show the claim for f € £} (G). Let K be a compact neighborhood of
e. Since C.(G) is dense in L] (G) there exists g € C.(G) such that ||f — g|1w <

€
3 There exists a compact neighborhood V' of e, which we may assume to be
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contained in K, such that |[I'¥g — g1 < 5 for all s € V. Then, for s € V, we
have

1T — flhie < |IT5f— F9||1w+HF9 9llrw +IIf = 9ll1w
< |f—glhwt=dc=c++==¢
Jle Tyt ag=gT 3Ty =&

Proposition 3.3. The Banach algebra L (G) is without order.

Proof. Let f € LL(G) be such that Vg € LL(G), f *, g = 0. Then we have
(fw) * (gw) = 0. Since (L'(G), *) is without order, we have fw = 0. Thus f =0
since w > 0. O

Proposition 3.4. Let s € G and f,g € LL(G). Then

Lo(f*wg) = f*T0g=T0F *u g. (3.4)
Proof.
DS e 0)(0) = %(f* D(s™)
_ s w(ywly s 'x)
B ) w(s™1x) dy
= /f 1) P féx)s %) gy
_ 51yl w(y)w(s™y'z) wly 'z
= [ gt (0 )
_ 51 —1 W(S v ﬁ) w(y)w(y~ 513)
= [ Vo ey

= /f 29y 15’3)‘@&0((331/)_1%)‘05?;
= fx,17g(x).
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Similarly,
frtige) = [ fwrow x%d,@
(s'y o) wly)wly 'z)
= [ Wity <1x>] oz) W
o ) wis ' y)w(sy ')
= [ e sy—1m> o
_ /fsygy 1) wly 'z)w(s” y)dy
G w()
_ o1 w(s™'y) -1, w(yz)w(y)
= i) gty ey
= /Fif(y)g(y‘lm)wdy
e w(z)
= T f*,g(x).
Thus

DS (f*wg)=froT0g =T, %,9.

Proposition 3.5. Let s,s' € G. Then
s =1
Proof. Let f,g € LL(G). Then

[f o, T gl(z) = [[°f*.Tg](z) (Proposition 3.4)
= [ rrrls S,
G w(z)

/—1 1

39

= /[f(s_ly)w( ( ) )][Q(S/ ly 11_)(&}(3 Yy x)]w(y* J;)w(y)dy

w(y~'x) w(z)

/fsy (sl el )
o

r)
B /f g(sts~ ;y(xlx) w(s' sy~ lx)dy
— /f (s5') w(y) ((j?x)) y_lx)dy
_ )1y @58y ) w(y)w(y e
= /Gf(y)g(( )7y ) w(y—1x) | w(z)
)

= /G [f(y)Fff'g(y‘lx)]Mdy

w(@)
= [ FZS/Q(I>
and by Proposition 3.3 we have I'*T'S = I'**",
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Proposition 3.6. Let w > 1. If f,g € LL(G) then f *x, g € L*(G) and
1S *w gl < ([ fll1wllglle.

Proof. Let f,g € LL(G).
Jiresiae < [ [ 15w n)l 0wy
G G

G

= /G/G|f(y)g(y_lx)|w(y_1x)w(y)dxdy(Fubini’s theorem)
= ([ k([ oot e

= (/G |f(y)]w(y)dy)(/g lg(z)|w(x)dz) (invariance of the Haar measure)

= [flhwllglhe < oo
Thus f *, g € L'(G). Moreover || f *, gll1 < || fll1.wllgll1w- N

4. MULTIPLIERS ON LL(G)

Definition 4.1. A map T : LL(G) — LL(G) is called a multiplier if T is linear,
bounded and commutes with the operators I'), s € G.

We denote by M(LL(G)) the set of all such multipliers.
Proposition 4.2. T € M(LL(Q)) if and only if Vf,g € LL(G),
T(f*wg) :Tf*wg:f*ng
Proof. (1) Let us suppose that Vf, g € LL(G), T(f*.9) =T f*.g9= f*,Tg.
o Let f h,g€ LL(G) and «, 3 € C. We have
h*, T(af +Bg) = Thx, (af + Bg)
= aThx, f+8Thx,g
= ahx,Tf+ Bhx,Tg
= hx, (aTf+ pBTg).

Since h is arbitrary and the algebra L! (@) is without order then one has

T(af+pBg)=aTf+pTy.
Therefore T is linear.
e Let f,h € LL(G) and let (f,) be a sequence in L (G) such that f, — f
and T'f,, — h. Pick an arbitrary element g in £L(G). Then

”g ko I — g %y, TfHI,w < Hg ko o — g %, TanI,w + Hg o 1 frn — g *w Tle,w

/

< ||g||1,th - Tfn”l,w "’ ||Tg *w fn - Tg *w f”Lw
< lglhwllh =T falliw + 1T glliwll fr = fllie-

If we tend n to oo, then g*,h—g*,T f = 0, this implies g*, (h—Tf) = 0.
However £} (G) is without order, therefore T'f = h. Thus T is continuous
by the closed graph theorem.
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e Let us show that 7" commutes with the operator T'8. Let f,g € LL(G).
Then

T f)*wg = TILf *ug)
T(f % Tg)

= (I3Tf) % g

Since L1 (G) is without order, we have TT¢ =T¢T.

(2) In the converse let us suppose that T € M(L!(GQ)). Let £ € L=(G).
Then the mapping f — / T f(x)&(x)dz is a continuous linear functional
e
on L!(G) because

/ z)dzx /|Tf 2)|dz <

Thus, there exists a function ¢ € L£°(G) such that

/ dx—/f (z)dz,Vf € LL(G).

Now let f,g € LL(G). We have

||Tf||1w < ||T||||f||1w

/G Tf %o g)(0)(@)dz = / / T 0)a()e() 29 g,

w(z)
- [ e

] (s)é(z)w(s)dsdx

_ //FSTf o (s)dsda
_ //TFS Joo(s)dsd
:/G/Grg 2o (@)w(@)g(s)w(s)dsdz

(
- [ [ [“(3_1 ! cloatoglspals)dsda

_ / / [ sa)g 18)“(5)015} o(@)w(z)dz

- [ d@sst)s
— [ T sl
G




42 ABUDULAT ISSA, YAOGAN MENSAH

Since ¢ has been chosen arbitrarily, we conclude that T'(f *,g) =T f %, g.
By the commutativity of %, one has

T(f*wg) =Tf*wg=f*Tyg.

Proposition 4.3. (1) If T, 7" € M(LL(G)) then TT' € M(LL(G)).
(2) If T € M(LL(G)) is bijective then T~' € M(LL(G)).

Proof. (1) Assume that 7" and 7" are multipliers. Since they are linear,
bounded and commute with I'¥ | so is T7".
(2) Assume that T € M(LL(G)) is bijective. Let f,g € LL(G).

T_lf g =

Thus T-! € M(LL(G)).

5. FOURIER TRANSFORM ON L!(G)

We denote by G the dual group of GG, that is the set of continuous characters
of the locally compact commutative group G.

Definition 5.1. The Fourier transform of a function f € £ (G) is given by

() = Ful ) = /G @ (@w(@)dz, € C. (5.1)

We prove the following result.

Proposition 5.2. If f,g € LL(G) then

Fulf *0 9) = Fu(f)Fu(g)- (5.2)
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Proof.
‘Fw(f *w g) = /

Thus Fo,(f *w 9) = Fu(f)Fu(9g)- O
Following [5], we denote by M(G,w) the space of all complex-valued regular
Borel measures m on G such that ||m| = [ w(z)d|/m|(x) < co. The mapping

a
m > ||m/|| is a norm on M(G,w). For m,n € M(G,w), set

mosnle) = [ gdtmn) = [ o) W an@yn),  63)

with g € Cy(G,w™") where Cy(G,w™) is the topological dual of M(G,w). Under
the convolution *, the space M(G,w) is a unital Banach algebra [5, Theorem
5.1]. The Fourier-Stieltjes transform of a measure m € M (G, w) is defined by

Fum)() =) = [ @he@him(z). 7€ C (5.4
The following result extends the convolution theorem to measures.
Theorem 5.3. If m,n € M(G,w) then F,(m %, n) = F,(m)F,(n).
Proof.

maww=:LWWMMmmmm

The following theorem gives a characterization of a multiplier in the Fourier
domain.
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Proposition 5.4. T € M(LL(G)) if and only if there exists a unique complex
function P defined on G such that T'f = Bf.

Proof. e Assume that T € M(L!(G)). Then
Vf,9 € L(G), T(f %o 9) =Tf *ug.

Since G is commutative then the convolution x,, is commutative in £! (G). There-
fore

Tfx,g=T(f*09) =T(g*, [) =Tg *. f.

Taking the Fourier transform we obtain
Tfg=Tgf.

For each character v € é, let us choose g in £!(G) such that g(v) # 0. Now,

I/w\

define B by P(y) = ,\((7)) (this definition does not depend on the choice of g
g\

because of the relation T'fg = T'gf). Then we have T f(v) = B () f(). Therefore

Tf = %7,

Let’s show the unicity of B. Let Q be a second complex function on G such that
TF =Qf = PBf for each f € £L(G). Then (P — Q)f = 0 for each f € LL(G).
Hence B = Q.

e Assume that ﬂ =B f forall f € LL(G). For f, g/€_£3)(G), we know that fx,g

belongs L (G). Applying the hypothesis one has T'(f *, g) = ‘B(f/*w\g) = ‘]3fA/g\ =
Tfg=Tf *,g. It follows that T(f *, g) = T'f %, g. Hence T € M(LL(G)). O
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