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Abstract: The purpose of this paper is to share the methodology and results of an ongoing research on modeling student work based tasks specially designed to develop secondary mathematics teachers’ content and pedagogical knowledge. We describe the basic structure of these tasks and give one example followed by some comments about teachers’ performance. Two other tasks are briefly described. We finish with a partial report of what we have learned. The analysis of the data gathered during the experiment reveals that the designed activities have a productive knowledge generating potential for teachers.

Introduction

  This study has its roots in the recent research literature on Mathematics Teacher Education. This literature  has emphasized that teachers must know much more than content knowledge for a good practice, in particular they should be familiar with what students know and understand to be prepared to take instructional decisions properly. In fact, some researchers have been proposing a practice-based curriculum for teachers which includes using documentation of practice for instance copies of students work. (Ball and Cohen 1999, Kazemi and Franke 2003, Bush, W.S.2000).

  As an university mathematics teacher I always considered that a sustained study of the written work of my students is one of the central aspects of my global teaching practice. The potential advantage of organizing teacher learning around analysis of students work pointed by the specialized literature on teacher education gave me an extra impetus and theoretical foundation to organize teacher opportunities of reflections on both mathematical and pedagogical issues that emerge while analyzing students’ work. 

   The research reported here is a qualitative study which can be characterized as a theory driven empirical research where a teacher educator (myself here) plans, implements and analyses student work
 tasks proposed to a group of 19 secondary mathematics teachers. These teachers were participating in a continuing education program (450 hours-14 months) at our university. They were from different schools and came to the program on their own initiative. I will call myself in what follows as coordinator.

  The  main goals of the designed  activities are:

-To enhance teachers mathematical content and pedagogical knowledge.

-To develop teachers sensibilities and respect toward the diversity of ways of reasoning that students can show. Students can be very creative and it is important to raise teachers awareness of the importance of knowing their ways of thinking and valuing them.

-Give teachers the opportunity to develop a knowledge base about  student conceptions about specific topics taught at secondary school.

-To develop a theoretical foundation to plan lessons, assessments, prepare problems suited to the mathematical level of the class, analyze text books, etc. placing the student at the center of instructional decisions.

How We Did It:  Our model task has the following structure:

0.It begins with an overview of the activities, goals and required written work.

1.The teachers then solve a mathematical question, individually, explaining their work and reasoning. When they finish they hand it to the coordinator

This gives the coordinator at least an initial knowledge about teachers’ content knowledge to support decisions about interfering or not along the group discussions.

2.Participants are asked to answer one mathematical question, individually again, based on a set of copies of  students work which is handed  out to them. The students work is about the same question teachers had worked on before.

3.Participants share their work.

4.Participants now in groups of 3 to 4, try to adjust their reasoning, reconcile differences and reach a group answer.

5.Presentation of the work done by the groups. Free discussion. Final comments by the  coordinator

Self assessment homework : Bring a written account of what you think that you have  learned through this activity.

   The data collected for the analysis of each episode comprises all hand outs given to the participants, coordinator online and after meeting notes, teachers written work along the session and  the self assessment made by the participants at the end of each episode.

An example of activity along this model is given below. 

Activity 1:

1.Individually answer the question below and give your written resolution to the coordinator.

Let r be the line y=3x-1 and P the point (1/2,3/5). Decide if P belongs to r, is below or above it.

2.Individually give grades from 0 to 5 to students’ A, B, C and D work whose copies were hand out to all participants. Use your own criteria; write them down for later use.

3.Whole group: construction of a table on the black board showing how many teachers gave grade X to student Y, for all X and Y. Analysis of the table. Free discussion, justification of given grades as required.

4.In groups of 3 to 4:  New analysis and grading of the same students’  works after agreeing on a group criteria.

5.Whole group: Comparison of grades given by the small groups. Presentation of the criteria used, final comments by the coordinator.

6.Homework: Bring a written account of what you think that you have learned through this activity.

Some data about  teachers´ work through this activity:

   8  gave correct answers and explanations (P is above r)

   1 said that P belongs to r based on a graph with no attention to scales.

   6 said that P was above r but used incorrect arguments or techniques to reach this conclusion. For instance, some drew a completely incorrect graph of r, others did not evaluate y(1/2), others based their reasoning on a sketch of r where no attention was given to scales, some considered wrongly that ½ <1/3 or  3/5=1 2/5.

   4 considered that P is below r. Besides the mistakes already mentioned, some did not consider the inevitable approximations surrounding reading and plotting points and trusted their graph more than they should have regarding the numbers involved.

   It is interesting that the resolutions of the students whose copies they were going to analyze  had been very different:

   Student A: Changed  P to (1/3,3/5) and plotted (1,3/5) with no apparent reason

   Student B:  Plotted the graph after evaluating 5 points of the line and it seems that he compared the second coordinate of y(1/2) with the 2nd coordinate of P to reach the conclusion that P was above r.

   Student C: He used 5 points also to draw r. It seems that he was trying to use the argument that since (8/15,3/5) belongs to r and ½<8/15 then the point P was at left of the line ( above r here)

   Student D: He made a rough sketch of r. His strategy can be interpreted as: the line which passes through P and is parallel to r has equation y=3x-0.9; since this line is above r then P is above r. In fact his sketch did not have two parallel lines because he substituted 1/3 by 0.3 and his two lines y=3x-0,9 and y=3x-1 intercepted at (0,3;0) and he got the wrong conclusion about the position of P.

   Before going to the summary account of what we have learned with this sort of experiment, two other examples of tasks structured along the same ideas will be given, showing only the necessary stages for understanding them.

Activity 2

1. Choose 4 points (x,y) in (x(, one in each quadrant, whose coordinates satisfy the inequality      y < x + 1

2. Individually, analyze the set of resolutions of the same question done by students and sort out their understandings and misunderstandings. 

3. Presentation of the work done by the teachers.

4. In groups of 3 to 4:  New analysis and design of a lesson plan to address the difficulties agreed upon by the whole group.

Activity 3

1. Consider a circle C with given center and radius. Decide if a given point P belongs to C, is situated inside the region bounded by C or is outside this region. 

2. Individually, analyze the set of resolutions of the same question done by students and sort out all strategies of resolution, point the context used (algebraic, graphical or other) and everything else that could hinder student performance. 

3. Presentation of the work done by the participants.

4. In groups of 3 to 4: Compare students strategies with the approach of the same kind of question that can be found in the section of Analytic Geometry of old and new text books.

What We Have Learned

    Teachers were very much engaged in the activities, individually and collectively. The trust that was built within the group was essential to permit the participants to expose their difficulties, sometimes really basic ones. For instance, it was not uncommon that different teachers graded the same work completely differently, unfortunately because some could not answer the question properly. Socialization of ways of thinking among teachers took care of embarrassing times when some content that could easily be considered basic for secondary teachers was at stake.

   It seems that teachers do not pay very much attention to read students answers when grading them. They said explicitly that they never have time to do it carefully, they have a model and check student resolutions against the model. Many of them repeated this procedure during activity 1.

     The issue of grading brought lots of discussions: the difficulty of assessment; the will to “talk to the student to ask what he did”; the necessity of careful rubric development; the impossibility of thinking about rubric development disconnected from classroom context and the previous experiences of the students; the inherent subjectivity of the process of grading; answers considered “non-sense” by teachers had a tendency to get from medium to high grades (sic).

    After the first activity it seems that teachers could be more open to unexpected answers coming from the students and could benefit from their diversity. Only one teacher was untouchable: “I do not need to analyze the work of my students and lose my time. They always know what they have to do”

   The coordinator and the academically better prepared teachers “saw” much more in the students work, seeing more than what was written, somehow filling the gaps, reading what one would like to find to complete it. Less prepared teachers seem to see less than what is written, not reading what they do not expect to see as if having a rigid preconceived image of what you have to find to consider it right. 

   Questions about inequalities in the plane are difficult for both student and teachers. Among the participant teachers, the fact that y >3x – 1 is the region above the line y = 3x –1 is mostly a memorized fact they can not explain. Some can use inductive reasoning to prove this fact, but a global way of reasoning did not come easily.

   Teachers had to cope with the use of different frameworks (algebraic, graphical, verbal, other), if the student favors one over another, if his choice is equivalently productive, etc. besides dealing with all sorts of even arithmetic difficulties. Activity 3 was very interesting in these aspects. Most teachers solved the question algebraically in a typical way also found in new text books and students showed all sorts of approaches in different frameworks. Misconceptions about the graphical context abound, it seems that both teachers and students are not much aware of its possibilities and limits.

      All mathematical questions used by now have permitted a discussion of didactic variables (whose values may be changed to direct the solver to different strategies or try to provoke knowledge growth). This was not planned at first but it was done at the time of the implementation.

   The group work was very beneficial pushing almost all teachers to a higher level of pedagogical and content knowledge through the rich and enthusiastic interactions that took place while discussing the myriad of issues that were generated. This kind of work can contribute to the discussion of what content and pedagogical knowledge mathematics teachers should have constructed and may represent an instantiation of how this construction might happen.

Obs: Student work will be accessible in English at the meeting.
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