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ABSTRACT

Our paper deals with teachers' use of instructional examples in the mathmatics classroom. We use the term 'instructional example', to refer to an example offered by the teacher within the context of learning a particular topic. Instructional examples in the classroom are an integral part of teaching mathematics that has a great influence on students' learning. The main purpose of the study is to explore and characterize teachers' use of instructional examples and to identify elements of their use of instructional examples that can be attributed to their learning from their practice.
Thus, we address three main interrelated issues: teachers' thinking, teachers' practice, and teachers' learning about instructional examples, by examining a comprehensive process: the teacher's preliminary considerations at the planning stage, his or her actual use of examples in the classroom, and his or her reflections on personal experiences surrounding the use of examples. We focus on teachers' growth in terms of their use of instructional examples, as reflected in their personal accounts and as conveyed through specific moments in the classroom that contribute to teachers' learning.
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CONCEPTUAL BACKGROUND
Examples in mathematics

Mathematics often involves, for novices as well as for mathematicians, inductive intuition (Bills & Rowland, 1999). That is to say, we look at our experiences with numerous examples in order to get some intuition about the situation and then try to generalize and reason from them. 
Mathematical reasoning is a mélange of both logical-based reasoning (using deductive mechanisms) and example-based reasoning (Lakatos, 1976; Rissland, 1991). The significant role of examples in mathematics is also reflected in Rissland's (1978) analysis of what mathematics comprises and what understanding mathematics entails. Rissland (ibid) lists three main elements in doing and refining the understanding of mathematics: results, examples, and concepts. She goes further and distinguishes four main types of examples that serve the above purposes.
In short, the history of mathematics and the words of mathematicians and pedagogues support our position that examples are an integral part of mathematics, and have an essential role in doing and understanding mathematics (e.g., Wilson, 1990; Alcock, 2004). 
What is an Instructional example?

We use the term 'instructional example', to refer to any example offered by the teacher within the context of learning a particular topic. Instructional examples in the classroom are an integral part of teaching mathematics that has a great influence on students' learning. The important role of instructional examples in mathematics stems firstly from the central role that examples play in mathematics and mathematical thinking. In addition, there are several pedagogical aspects of the use of instructional examples that support the significance and convey the complexity of this element of teaching. 

We adopt Watson & Mason's (2002) view of what constitutes an example, that is to say, any particular case of a larger class (idea, concept, technique etc.), from which students can reason and generalize. 
Generally, an example must be examined in context. Any example carries some critical attributes that are intended to be exemplified and others that are irrelevant. As Rissland (1991) points out “one can view an example as a set of facts or features viewed through a certain lens”. Thus, a teacher may use a specific example for illustrating certain ideas through his or her lens, while a student may focus on its irrelevant features. 
We consider a 'good instructional example' an example that conveys to the target audience the essence of what it is meant to exemplify or explain. We will refer to such examples as transparent to the learner (similar, in a way, to Movshovitz-Hadar's (2002) approach to transparent proofs). This is consistent with Mason & Pimm's (1984) notion of generic examples that are transparent to the general case, allowing one to see the general through the particular, and with Peled and Zaslavsky (1997) who discuss the explanatory nature of examples. Another aspect of a 'good example' (or set of examples) is the extent to which one can generalize from it. A 'good example' is also one that is helpful in clarifying and resolving mathematical subtleties. Clearly, the extent to which an example is transparent or useful is subjective. Thus, the role of the teacher is to offer learning opportunities that involve a large variety of 'good examples' to address the diverse needs and characteristics of the students.

To illustrate some of the distinctions mentioned above, consider the following examples of a quadratic function:
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These are three different representations of the same function. Each example is transparent to some features of the function and opaque with respect to others. E.g., the first example conveys the roots of the function (-1 and 3); the second one communicates straightforward the vertex of the parabola (1,-4); and the third example transmits the y-intercept (0, -3). However, these links are not likely to be obvious to the student without some guidance of the teacher. Moreover, it is not clear that students will consider all three examples as examples of a quadratic function, since, for example the power of two is less obvious in example 1. A teacher may choose to deal with only one of the above representations, or s/he may use the three different representations in order to exemplify how algebraic manipulations lead from one to another, or in order to deal with the notion of equivalent expressions. What a student will see in each example separately and in the three as a whole depends on the context and classroom activities surrounding these examples. A student, who appreciates the special information entailed in each representation, may use these examples as reference examples in similar situations, e.g., for investigating other quadratic functions. In terms of irrelevant features, although commonly used, it is irrelevant what symbols we use, i.e., we could change x to m and y to f(m). Yet, a student may regard x and y mandatory symbols for representing a quadratic function. Another irrelevant feature is the fact that in all three representations all the numbers are integers. A student may consider this a relevant feature, unless s/he is exposed to a richer example-space. In addition, one may generalize and think that for any quadratic function all three representations exist, while the first one depends on whether the specific quadratic function has real roots. Hence, the specific elements and representation of an example or set of examples, and the respective focus of attention facilitated by the teacher, have bearing on what students notice, and consequently, on their mathematical understanding. It follows that the use of examples is an essential and complex terrain, which we aim at investigating. 
RESEARCH OBJECTIVES AND PROCEDURES
Our study proposes to explore and characterize teachers' use of instructional examples, as a comprehensive process, from the preliminary considerations of the teacher, through his or her reflections on personal experiences surrounding the use of examples. Based on our findings we hope to offer a conceptual framework for discussing and characterizing the use of instructional examples in mathematics, with a special focus on the ongoing development of teachers' use of examples, as a product of their learning from their practice.
Consequently, the following research questions will be addressed:

1. What do teachers consider as 'good instructional examples' in mathematics?

2. What underlying considerations do teachers employ for incorporating certain instructional examples in their mathematics classroom?

3. What are the characteristics of teachers' use of instructional examples in the mathematics classroom?

4. What interrelations exist between students' reactions to certain examples and the teacher's learning?

5. How do teachers view their practice and the change in their practice over their years of experience, in terms of their use of instructional examples? 

The participants include 12 secondary school mathematics teachers, in 8th and 10th grades, all with at least a B.Sc. in mathematics or mathematics education, and a teaching certificate. Inspired by studies on exemplary teaching (e.g., Lampert, 1990) at least 6 teachers are highly reputable (by the evaluation of their principals and/or experts in mathematics education) with a teaching experience of at least 10 years. We refer to the latter as teachers with high expertise. 

The research instruments include classroom observations and interviews with the teachers, before and after each observation. 

Data analysis
Data analysis is an on going process, in which every observation leads to new categorization and hence to reanalysing of the previous observations. Following grounded theory procedures and techniques (Strauss & Corbin, 1998), the research findings will be formulated and further refined and verified based on new observations and interviews. 

The analysis of classroom observations focuses on the features of the examples that are incorporated in the mathematics lesson and on the ways they are used. In addition, we attempt to identify special moments in the classroom that provide learning opportunities for the teacher and examine how this learning takes place.
The analysis of the teachers' interviews will yield an elaborate categorization of the kinds of considerations they employ with respect to the use of instructional examples (e.g., mathematical, pedagogical), a description of their strategies for selecting and generating examples (e.g., Zaslavsky & Peled, 1996), their views of what constitutes a 'good' instructional example, and their personal accounts of the growth in their views and practices related to instructional examples. 
PRELIMINARY FINDINGS
We turn to an example that illustrates some of our findings, focusing on the nature of classroom learning opportunities for the teacher and how s/he may (or may not) learn from them, with respect to the use of examples. 
Ann is an experienced mathematics teacher. In her opening lesson on linear functions, Ann decided to begin with the function:
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, which she considered a "general case" of a linear function. She had her students fill the following table with the corresponding values of x and y, choosing the specific values for x (not at random):

	x
	-2
	-1
	0
	1
	2

	y
	-5
	-3
	-1
	1
	3


The students were asked to look for special relationships, and reached a conclusion that there is a "constant jump", by which they referred to their observations of the constant difference of 2, in the values of y. This seemed to be a generalization with which the teacher was content. 
According to our analysis, this example is not transparent to the general case. In this case it may be misleading, drawing students attention to the difference instead of the difference-quotient. In this particular example, the denominator of the quotient is 1, so it seems as if the relevant feature is the difference. Students went along with this example, thus we did not observe a learning opportunity for the teacher. 
In the second part of the lesson Ann had the students draw a graph of the function in a coordinate system. She now wanted to present the notion of slope, and brought an example from their everyday experience. She drew two mountains, as in Figure 1, and pointed to the fact that mountain M1 was steeper than M2. At this point a student remarked that he agreed, since M1 is higher than M2 (this was a manifestation of a well known (mis)-conception of students, confusing height for slope, of which the teacher had not been aware). As a response to the student's claim, the teacher erased her first drawing (Figure 1) and drew another example (Figure 2), keeping the heights of the two mountains equal. 


The second part of the lesson illustrates what we mean by a learning opportunity for the teacher. The student's reaction drew her attention to the limitation of her original example, and led her to improve it. In the interview that followed it was clear that this classroom event will affect Ann's choice of examples in the future. 
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